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A B S T R A C T 

Protoplanetary discs (PPDs) can host a number of instabilities that may partake directly or indirectly in the process of planetesimal 
formation. These include the vertical shear instability (VSI), conv ectiv e o v erstability (COS), streaming instability (SI), and dust 
settling instability (DSI), to name a few . Notably , the VSI and COS have mostly been studied in purely gaseous discs, while 
the SI and DSI have only been analysed in isothermal discs. How these instabilities operate under more general conditions 
is therefore unclear. To this end, we devise a local model of a PPD describing a non-isothermal gas interacting with a single 
species of dust via drag forces. Using this, we find that dust drag sets minimum length-scales below which the VSI and COS are 
suppressed. Similarly, we find that the SI can be suppressed on sufficiently small scales by the gas’ radial buoyancy if it cools on 

roughly a dynamical time-scale. We show that the DSI can be ef fecti vely stabilized by vertical buoyancy, except at special radial 
and vertical length-scales. We also find no v el instabilities unique to a dusty, non-isothermal gas. These result in a dusty analogue 
of the COS that operates in slowly cooled discs, and a dusty version of the VSI that is strongly enhanced by dust settling. We 
briefly discuss the possible implications of our results on planetesimal formation. 

Key words: accretion, accretion discs – hydrodynamics – instabilities – protoplanetary discs. 
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 I N T RO D U C T I O N  

ust plays an important role in various processes taking place in
PDs. Planetesimals, the building blocks of planets, are believed

o consist to a large extent of originally micron-sized dust grains,
hich first coagulated with one another to form mm-sized particles,

nd subsequently clumped together and underwent self-gravitational
ollapse to form km-sized planetesimals (Chiang & Youdin 2010 ;
ohansen et al. 2014 ; Drazkowska et al. 2022 ; Lesur et al. 2022 ). 

For almost two decades now, the most viable mechanism for
roducing large enough dust-to-gas ratios in young PPDs, which
an result in self-gravitational collapse, is considered to be the
treaming Instability [SI: (Johansen, Youdin & Mac Low 009a ;
oudin & Goodman 2005 ; Johansen & Youdin 2007 ; Youdin &
ohansen 2007 )]. For the SI to be sufficiently efficient, however, it
lready requires concentrations of dust, essentially in the disc mid-
lane, which are larger than what is expected in young, newly formed
PDs. The local dust-to-gas ratio can be raised, for example by dust
ettling (Nakagawa, Sekiya & Hayashi 1986 ; Dubrulle, Morfill &
terzik 1995 ; Takeuchi & Lin 2002 ) or trapping by pressure bumps
Haghighipour & Boss 2003a , 2003b ; Taki, Fujimoto & Ida 2016 ;
nishi & Sekiya 2017 ; Huang et al. 2020 ). 
One of the main processes opposing dust concentration in the
id-plane of PPDs is assumed to be turbulence. As PPDs are

oorly ionized, the magneto-rotational-instability [MRI: (Balbus &
a wle y 1991 )] is likely suppressed in most regions (Lesur 2020 ).
his circumstance has led to the disco v ery of a number of purely
ydrodynamic instabilities, capable of driving weak to moderate
 E-mail: mlehmann@asiaa.sinica.edu.tw 
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evels of turbulence (Lesur et al. 2022 ). While the corresponding tur-
ulent angular momentum transport of these instabilities is unlikely
ufficient to explain observed accretion rates, it can play an important
ole in the process of dust concentration. 

Among the many possible instabilities that may in principle exist
n PPDs, three have been found to be potentially rele v ant in driving
ydrodynamic turbulence. These are the Vertical Shear Instability
VSI) (Urpin & Brandenburg 1998 ; Urpin 2003 ; Nelson, Gressel &
murhan 2013 ; Barker & Latter 2015 ; Lin & Youdin 2015 )], which

equires vertical differential rotation, as well as rapid cooling of the
as; the Conv ectiv e Ov erstability [COS: (Klahr & Hubbard 2014 ;
yra 2014 ; Latter 2016 )], which requires an unstable radial entropy
radient coupled with a cooling time comparable to the orbital
ime scale; and the Zombie Vortex Instability (Marcus et al. 2015 ;
esur & Latter 2016 ; Barranco, Pei & Marcus 2018 ), which requires
low cooling and a strong stable vertical entropy gradient. For the
rocess of planetesimal formation, these instabilities are particularly
nteresting due to their ability to form large-scale zonal flows, as well
s large-scale vortices. While the former is a possible explanation
or the presence of dust rings, the latter is a possible explanation for
on-axisymmetric dust concentrations in PPDs (van der Marel et al.
021 ; Bae et al. 2022 ; Lesur et al. 2022 ). 
As stated abo v e, which of the aforementioned hydrodynamic

nstabilities operate depends critically on the gas’ cooling time-
cale. This, in turn, is largely controlled by the distribution of
mall dust grains tightly coupled to the gas (Malygin et al. 2017 ;
arranco et al. 2018 ; Pfeil & Klahr 2019 ; Fukuhara, Okuzumi &
no 2021 ). Calculations of the gas cooling time scale across the

adial and vertical extent of a PPD by these authors revealed
hat different hydrodynamic instabilities may be active in different
egions, and also different epochs. However, the results are largely
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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odel-dependent and details differ between the studies. Thus, for 
he time being, the cooling time scale of gas in PPDs remains
ncertain. Nevertheless, these estimates suggest that one or more of 
he aforementioned instabilities are likely active in planet-forming 
egions of the disc. 

Indeed, radiative hydrodynamic simulations have shown that the 
SI operates in the outer tens of au in PPDs (Stoll & Kley 2014 ,
016 ; Flock et al. 2017 , 2020 ). These authors included to some
xtent the role of dust in gas thermodynamics, by solving for the
alance between stellar irradiation and radiation transport including 
ust opacities. They also modelled large grains as passive tracers, 
hich can be ef fecti vely stirred up by VSI-turbulence. This ‘puff up’
as direct observational implications (Dullemond et al. 2022 ). 

Furthermore, dust also has dynamic feedback onto the gas. For 
xample, the VSI is weakened by dust-induced buoyancy (Lin & 

oudin 2017 ), which allows dust grains – if sufficiently abundant –
o settle against VSI stirring (Lin 2019 ; Lehmann & Lin 2022 ). This is
onsistent with analyses of the VSI with dust grains perfectly coupled 
o the gas (Lin & Youdin 2015 , 2017 ). The COS has been simulated
ith dust feedback (Raettig, Klahr & Lyra 2015 ; Lyra, Raettig &
lahr 2018 ; Raettig, Lyra & Klahr 2021 ), but these simulations

ocus on dust-trapping by large-scale vortices that are formed by the 
onlinear evolution of the COS. How dust dynamically affects the 
OS mechanism itself, remains unexplored. 
When dust and gas are imperfectly coupled, an entire class of drag

nstabilities becomes possible. The prime example here is the SI 
entioned abo v e. The classical SI of Youdin & GoodmanYoudin &
oodman is powered by the relative radial drift between dust and 
as, itself due to the disc’s radial pressure gradient. Recently, there 
ave also been several generalizations of the SI: the Dust Settling 
nstability [DSI: Squire & Hopkins ( 2018 ); Krapp et al. ( 2020 )],
hich is powered by the dust settling; the Vertically Shearing SI (Lin
021 ), powered by the vertical gradient in the mid-plane dust layer’s
otation velocity; and the Azimuthal-drift SI (Lin & Hsu 2022 ), 
owered by the azimuthal velocity difference between dust and gas 
hen the latter is torqued within the disc plane. Ho we ver, these drag

nstabilities have only been studied assuming an isothermal gas, 
hich can be considered to cool instantaneously such that buoyancy 

ffects are absent. Thus, the effect of finite cooling time-scales and 
uoyancy forces on known dusty-gas instabilities is largely unknown. 

Moti v ated by the abo v e considerations, in this study we formulate
 local hydrodynamic model for a non-isothermal gas interacting 
ith dust. We apply a two-fluid formulation that self-consistently 
escribes the dynamical impact of dust onto the gas and vice versa.
he gas is subject to optically thin cooling, which is adopted as it
rovides a simple means to shift between the isothermal and adiabatic 
egimes. The cooling time scale is an input parameter in our model,
hus ignoring the effect of dust on the gas thermodynamics. This is
xpected to be a minor shortcoming though, as it is the small grains
hat largely control the gas cooling, whereas it is the larger grains (as
onsidered here) that impose dynamical effects onto the gas. 

We utilize our model to perform linear stability analyses of a 
umber of local instabilities as described abo v e. Specifically, we 
ill study the effect of dust on the COS and the VSI. Moreo v er, we
ill investigate the impact of cooling and buoyancy on the SI and

he DSI. While we find the classical COS to be damped by dust, we
isco v er a dust-induced variant of the COS which operates at large
ooling times, and which co-exists with the SI, possibly exceeding 
he SI’s growth rates. 

Furthermore, while the SI turns out to be unaffected by radial 
uoyancy for most values of the gas cooling time, we find that it can
 t
e substantially suppressed on sufficiently short length-scales if the 
ooling time is comparable to the orbital time scale. 

Similarly, while the VSI turns out to be damped by dust sufficiently
lose to the disc mid-plane, farther away, we disco v er a new instabil-
ty that combines vertical shear and dust-settling to become a combi-
ation of the VSI and the DSI, with growth rates possibly exceeding
hose of the latter instabilities. Finally, we find the DSI to be pro-
ressively suppressed with increasing gas cooling times on all scales 
part from a narrow band of ‘resonant’ modes in wavenumber space.

The paper is structured as follows. In Section 2 we introduce our
ydrodynamic model of dust and gas. Here we first discuss briefly
mportant properties of the global disc structure, before we focus on
 local description and present the set of linearized equations that
ill be used in our analyses. Subsequently we derive values for all

he parameters that define our local linear model and we briefly
ntroduce diagnostic techniques applied in our analyses. In Section 
 we provide a short introduction of the linear instabilities that we
tudy in this paper with connections to previous works. In Section 4
e present our analysis of the COS and the SI and in Section 5 our

nalysis of the DSI and the VSI. Finally, in Section 6 we discuss the
otential rele v ance of our findings to planetesimal formation PPDs,
nd we summarize in Section 7 . 

 H Y D RO DY NA M I C  M O D E L  

e consider a three-dimensional (3D) PPD comprised of gas and dust 
rbiting a central star of mass M ∗. We adopt cylindrical coordinates
 r , φ, z), centered on the star. Disc self-gravity , viscosity , and
agnetic fields are neglected. We will eventually adopt a local 

escription of the disc defined by a number of parameters related to
he global disc. To anchor our local model, and by way of introducing
otation, we first describe the global gas disc in the absence of
ust. In this limit, the disc admits exact, steady state, axisymmetric
quilibria with density, pressure, and velocity fields ρg ( r , z ), P ( r , z ),
nd � v g = (0 , r�g , 0), respectively, where �g ( r , z) is the gas rotation
rofile. These are set by centrifugal balance and vertical hydrostatic 
quilibrium. Explicit profiles are given in Section 2.6 . 

We define 

≡ − 1 

2 r�2 
K ρg 

∂ P 

∂ r 
(1) 

s a dimensionless measure of the global radial pressure gradient, 
here 

K ≡
√ 

GM ∗
r 3 

(2) 

s the local Keplerian frequency and G is the gravitational constant.
he global radial pressure gradient drives the SI and η features 
rominently in studies of the SI. Typically, η ∼ h 2 , where the disc
spect ratio h ≡ H / r � 1 and H is the disc scale-height, formally
efined via 

1 

H 

≡ 1 

ρg 

∣∣∣∣∂ ρg 

∂ z 

∣∣∣∣
z= H 

. (3) 

PPDs are generally baroclinic with ∇ρg × ∇P �= 0. In these cases,
he disc exhibits vertical shear with ∂ z �g �= 0. We therefore define 

 z ≡ r 

�g 

∂ �g 

∂ z 
(4) 

s a dimensionless measure of the vertical shear rate. The parameter
 z appears in local models of the VSI. In PPDs, vertical shear is
ypically weak with | q z | � h within the disc bulk. 
MNRAS 522, 5892–5930 (2023) 
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We shall also be concerned with buoyancy effects, which are
easured by the radial and vertical buoyancy frequencies N r and
 z defined via 

 

2 
r ≡ − 1 

γρg 

∂ P 

∂ r 

∂ S 

∂ r 
, (5) 

 

2 
z ≡ − 1 

γρg 

∂ P 

∂ z 

∂ S 

∂ z 
, (6) 

here γ is the gas’ adiabatic index and 

 ≡ ln 
P 

ρ
γ
g 

(7) 

s the gas’ (dimensionless) entropy. In typical disc regions | N 

2 
r | ∼

 

2 �2 
K . The value of N 

2 
z depends on the distance z away from the disc

id-plane. At | z| ∼ H one finds N 

2 
z ∼ �2 

K . 
It is also convenient to define the characteristic entropy length-

cales H r and H z via (Latter & Papaloizou 2017 ) 

1 

H r 

≡ 1 

γ

∂ S 

∂ r 
, (8) 

1 

H z 

≡ 1 

γ

∂ S 

∂ z 
. (9) 

hen H r,z N 

2 
r,z = −ρ−1 

g ∂ r,z P . Typically | H r | ∼ r and | H z | ∼ H �
 in radially smooth, vertically thin discs. Ho we ver, in general, the
ength-scales ( 8 ) and ( 9 ) can by definition take positive and negative
alues. In this paper, we consider only discs that are conv ectiv ely
table in the vertical direction, i.e. we assume N 

2 
z ≥ 0. This implies

 z < 0 below the mid-plane (since ∂ z P > 0 there). On the other
and, N 

2 
r can be positive or negative. Specifically, if ∂ r P < 0, which

s typical for PPDs, then a ne gativ e radial entropy gradient ( H r < 0)
an yield N 

2 
r < 0 and drive the COS (see Section 3.1.1 ). More on

hese quantities follows in Section 2.6 . 

.1 Local description 

e focus on local dynamics with characteristic length-scales λ � r
nd adopt the ‘shearing box’ framework to model a small patch of
he disc (Goldreich & Lynden-Bell 1965 ). The box is centered on
 fiducial point ( r 0 , φ0 − �0 t , −z 0 ), that rotates around the star at
pproximately the local Keplerian frequency �0 ≈ �K ( r 0 ). At the
isc mid-plane �0 co-incides exactly with �K ( r 0 ), whereas for z 0 >
 small deviations on the order ( z 0 / r 0 ) 2 occur due to vertical stellar
ravity. In our convention, the shearing box is placed below the mid-
lane, such that z 0 > 0, without loss of generality. The parameters
efined abo v e are assumed to be constant in the box and equal to
heir equilibrium, dust-free values at r = r 0 , z = −z 0 in the global
isc. We introduce local Cartesian coordinates ( x , y , z) with unit
ectors � e x , � e y , � e z in the box corresponding to the radial, azimuthal,
nd vertical directions in the global disc. 

.1.1 Governing equations: gas 

n this paper, we consider instabilities that are incompressible in the
as’ motions. Ho we v er, the y may involv e perturbations in the gas
ntropy or temperature in order to operate, which translates to weak
ensity perturbations in accordance with the ideal gas law. Therefore
e adopt the Boussinesq shearing box model of Latter & Papaloizou

 2017 ) to describe the gas. The go v erning equations read 

� 
 · � v g = 0 , (10) 
NRAS 522, 5892–5930 (2023) 
(
∂ 

∂ t 
+ � v g · � ∇ 

)
� v g = −2 �0 � e z ×

[
� v g −

(
−3 

2 
�0 x + q z �0 z 

)
� e y 

]
+ 

(
2 η�2 

0 r 0 − H r N 

2 
r 

δρg 

ρg0 

)
� e x 

−
(

ε0 z 0 �
2 
0 + H z N 

2 
z 

δρg 

ρg0 

)
� e z 

− ε

t s 

(� v g − � v d 
)− 1 

ρg0 

� ∇ δP , (11) (
∂ 

∂ t 
+ � v g · � ∇ 

)
δρg = ρg0 

(
1 

H r 

δu g + 

1 

H z 

δw g 

)
+ � c . (12) 

he first two equations are the incompressibility condition and the
omentum equation, respectively. The gas velocity field is � v g =

 u g , v g , w g ). The gas has a constant background density ρg 0 with
ensity perturbations δρg from the background. Similarly, δP and
� v g denote pressure and velocity perturbations from equilibrium,
espectively. Equation ( 12 ) corresponds to the gas entropy equation in
he Boussinesq approximation, such that entropy perturbations are
irectly related to density perturbations, i.e. δS = −( δρg / ρg 0 ), and
he gas temperature perturbation δT = −( δρg / ρg 0 ) T 0 , where T 0 is the
quilibrium temperature. Furthermore, the gas is subject to optically
hin cooling on a time scale t c , described through 

 c = − 1 

t c 
δρg (13) 

n the entropy equation, where we absorbed γ into the cooling time
or notational convenience. In what follows we will work with the
imensionless cooling time 

= t c �0 . (14) 

Our local model incorporates several effects from the global disc.
he gas’ offset from pure Keplerian rotation, due to the global radial
ressure gradient, is (as in numerous other studies) modelled via the
onstant radial forcing term ∝ η. Furthermore, vertical shear appears
s the forcing term ∝ q z z, which leads to a linear shear flow in z (see
ection 2.2 ). The terms ∝ N 

2 
r and ∝ N 

2 
z in equation ( 11 ) represent

adial and vertical buoyancy , respectively , which require gas density
erturbations to take effect. This, in turn, requires a non-isothermal
as with t c > 0. 

In passing we note that in the case of a disc with entropy
tratifiction only in the radial or the vertical direction, it is common
ractice to replace the gas density perturbation δρg with a ‘buoyancy
ariable’ ∝ H r δρg or ∝ H z δρg , respectively. In that case the
tratification length no longer appears in the equations. Ho we ver,
ince we will consider stratifications in single, as well as both
irections in our analyses below, we will – for clarity – not follow
his practice. 

Finally, the terms ∝ ε and ∝ ε0 in equation ( 11 ) are associated
ith feedback from the dust, described next. 

.1.2 Governing equations: dust 

e model a single species of dust grains coupled to the gas via
 drag force characterized by a constant particle stopping time t s ,
hich corresponds to a Stokes number 

≡ t s �0 . (15) 

e assume small dust grains with τ � 1, such that the dust is tightly
oupled to the gas and may be described as a second, pressureless
uid (Jacquet, Balbus & Latter 2011 ). 
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The dust component is go v erned by the set of fluid equations (
∂ 

∂ t 
+ � v d · � ∇ 

)
ρd = −ρd 

(
� ∇ · � v d 

)
, (16) (

∂ 

∂ t 
+ � v d · � ∇ 

)
� v d = −2 �0 � e z ×

[
� v d −

(
−3 

2 
�0 x + q z z�0 

)
� e y 

]
+ z 0 �

2 
0 � e z + 

1 

t s 

(� v g − � v d 
)
, (17) 

here ρd and � v d = ( u d , v d , w d ) are the dust density and velocity,
espectively. Unlike gas, dust is compressible and it is assumed that 
ust-related pressure can be neglected. Therefore, the dust fluid does 
ot have an energy equation. Ho we ver, the dust indirectly (via drag)
xperiences the gas’ radial pressure gradient and buoyancy forces. 
e define 

≡ ρd 

ρg0 
(18) 

s the local dust-to-gas ratio, which for a Boussinesq gas is equi v alent
o the (scaled) dust density. The equilibrium dust-to-gas ratio is ε0 . 

At general heights z 0 �= 0, dust is expected to settle towards
he disc mid-plane. Following Krapp et al. ( 2020 ), we model this
ackground settling by applying a constant vertical gravitational 
cceleration z 0 �2 

0 to the dust. Since, as outlined abo v e, we assume
hat the shearing box is placed at a distance z 0 > 0 below the disc

id-plane, dust experiences a vertically upwards acceleration. A 

orresponding downwards vertical acceleration, −ε0 z 0 �
2 
0 , is applied 

o the gas [equation ( 11 )] by hand so that a steady equilibrium state
an be defined. 

Note that we use the same parameter q z to impose the same vertical
hear rate for the dust as for the gas. This is because small grains
ightly coupled to the gas are expected to possess the same rotation
rofile to a good approximation (Lin 2021 ). 
Furthermore, our local model ne glects v ertical dust stratification, 

hich naturally occurs away from the mid-plane in PPDs as dust
ettles to the mid-plane. The related vertical gradient in the dust
ensity is known to produce a vertical buoyancy, and this dusty
uoyancy has been found to stabilize vertical motions (Lin & Youdin 
017 ) and is expected to dominate gas-related buoyancy sufficiently 
lose to the mid-plane z 0 � H 0 . 

In addition to our two-fluid description outlined abo v e, we will
lso make use of a one-fluid description of dust and gas (Laibe &
rice 2014 ; Lin & Youdin 2017 ; Lovascio & Paardekooper 2019 ).
he corresponding equations are presented in Appendix A . 

.1.3 Remarks 

hat distinguishes the ‘Boussinesq’ shearing box model applied 
ere from a general compressible local model are the assumptions 
hat the length-scale of the phenomena under investigation λ � H z , 
 r (rather than only λ � r 0 ), that the flow is strongly subsonic

 δ� v g much smaller than the sound speed), and that the fractional 
erturbations of the gas density δρg / ρg 0 � 1 and the gas pressure
P / P � 1, but with δρg / ρg 0 � δP / P . The latter assumption allows
or gas buoyancy effects to enter the model (see Latter & Papaloizou
017 for details). It should be noted that the background pressure
radient η formally vanishes in the expansion performed in Latter & 

apaloizou ( 2017 , their section 3.2) to obtain ( 11 ). That is, for the
as in isolation it is negligible. Ho we ver, in combination with dust
t can result in the SI and the DSI, as studied here. As we will
ee below, our model successfully reproduces previous results on 
he pure gas instabilities COS (Lyra 2014 ; Latter 2016 ) and VSI
Latter & Papaloizou 2018 ), as well as the dust–gas drag instabilities
I (Youdin & Goodman 2005 ) and DSI (Squire & Hopkins 2018 ;
rapp et al. 2020 ). 

.2 Equilibrium state 

quations( 10 )–( 17 ) admit equilibrium solutions with constant ρd and
P = δρg = 0. The equilibrium velocity fields can be written as 

  g0 = 

(
−3 

2 
x + q z z 

)
�0 � e y + � v ′ g0 , (19) 

nd similarly for � v d0 , with 

 

′ 
g0 = 

2 ε0 τ ( ηr 0 − ( 1 + ε0 ) q z z 0 ) 

( 1 + ε0 ) 
2 + τ 2 

�0 , (20) 

 

′ 
g0 = 

−ηr 0 
(
1 + ε0 + τ 2 

)+ ε0 τ
2 q z z 0 

( 1 + ε0 ) 
2 + τ 2 

�0 , (21) 

 

′ 
g0 = 0 , (22) 

nd 

 

′ 
d0 = −2 τ ( ηr 0 + 

(
ε0 + ε2 

0 + τ 2 
)
q z z 0 ) 

( 1 + ε0 ) 
2 + τ 2 

�0 , (23) 

 

′ 
d0 = − ( 1 + ε0 ) ηr 0 + τ 2 q z z 0 

( 1 + ε0 ) 
2 + τ 2 

�0 , (24) 

 

′ 
d0 = τz 0 �0 , (25) 

hich are constants. In the limit of q z , z 0 → 0, these coincide with
he standard solutions as derived in Nakagawa et al. ( 1986 ). For
larity, hereafter we drop the primes with the understanding that the
quilibrium velocities are relative to the linear shear flow in x and
hat in z as given by ( 19 ). 

It is worth noting that in addition to the radial pressure gradient η,
lso vertical shear contributes to the radial and azimuthal velocities 
or dust and gas, and causes the center of mass velocity [equation
 A2 )] to attain a finite v alue. Ho we ver, it should be kept in mind that
hile in our local model q z and η are freely adjustable parameters, in
 global disc model both parameters depend on the radial temperature
rofile of the disc (see Section 2.6 for details). 

.3 Conser v ation properties 

ollowing Youdin & Johansen ( 2007 ), from ( 10 )–( 12 ) and ( 16 )–( 17 )
e can derive conservation equations for the angular momentum 

nd the energy of the dust–gas mixture. For simplicity we assume
xisymmetry of the flow, and entropy stratification only in vertical 
irection, i.e. N 

2 
r = 0, 1 /H 

2 
r = 0, N 

2 
z > 0 and H z < 0. 

From the y -component of ( 11 ) and ( 17 ) we obtain the conservation
aw for the angular momentum density L ≡ ρg0 v g + ρd v d : 

∂ 

∂ t 
L + 

� ∇ · � F L 

= −�0 

2 
F ρ,x − q z �0 F ρ,z , (26) 

here 

� 
 L 

≡ ρg0 v g � v g + ρd v d � v d , (27) 

� 
 ρ ≡ ρg0 � v g + ρd � v d , (28) 

re the angular momentum flux and mass flux, respectively. 
For the equilibrium described by ( 20 )–( 25 ) we find that the right-

and side of ( 26 ) vanishes, as well as 

 L ,x = −2 η2 v 2 K 

ρd τ
3 

� 

2 
, 

+ 

2 ηv 2 K 

ρd τq z 
z 0 
r 0 

(1 + ε)( � 

2 + 2 τ 2 ) 

� 

2 
+ O 

(
τ 5 q 2 z 

)
, (29) 
MNRAS 522, 5892–5930 (2023) 
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 L ,z = −
v 2 K 

ρd τ
z 0 
r 0 

(
(1 + ε) η + τ 2 q z 

z 0 
r 0 

)
� 

, (30) 

 ρ,x = −2 v K 

ρd τq z 
z 0 

r 0 
, (31) 

 ρ,z = v K 

ρd τ
z 0 

r 0 
, (32) 

here v K ≡ �0 r 0 and � ≡ (1 + ε0 ) 2 + τ 2 . Compared to the model
pplied in Youdin & Johansen ( 2007 ), our model incorporates vertical
ettling and vertical shear. For z 0 = 0 we recover Equation (18b) of
oudin & Johansen ( 2007 ) for F L ,x , while the other flux components
anish identically. For z 0 > 0 (i.e. below the mid-plane) vertical
ettling and vertical shear result in a flow of angular momentum
adially outward, and away from the mid-plane, and a related mass
ow directed radially inward and toward the mid-plane. Using η ∼ h 

2 
0 

nd q z ∼ h 0 z 0 / H 0 (see Section 2.6 ), we find that the radial angular
omentum flux changes sign for z 0 � τH 0 . 
Furthermore, we can derive the conservation equation for energy,

hich reads 

∂ 

∂ t 
E + 

� ∇ · � F E = Ė drag − ε0 ρg0 z 0 �
2 
0 w g + ρd z 0 �

2 
0 w d 

−� v g · ∇P + 

3 

2 
�0 F L ,x − q z �0 F L ,z 

−ρg0 
N 

2 
z θ

2 

t c 
, (33) 

here (Youdin & Johansen 2007 ; Latter & Papaloizou 2017 ) 

 = 

1 

2 
ρg0 | � v g | 2 + 

1 

2 
ρd | � v d | 2 + 

1 

2 
ρg0 N 

2 
z θ

2 , (34) 

� 
 E = 

1 

2 
ρg0 | � v g | 2 � v g + 

1 

2 
ρd | � v d | 2 � v d + 

1 

2 
ρg0 N 

2 
z θ

2 � v g , (35) 

˙
 drag = −ρd | � v g − � v d | 2 /t s , (36) 

= 

H z 

ρg0 
δρg . (37) 

he interpretation of most terms is as described in Youdin & Johansen
 2007 ). Since the gas considered here is non-isothermal, we include
n addition the thermal energy ∝ θ2 (Latter & Papaloizou 2017 ),
hich prompts the thermal cooling term ∝ 1/ t c on the right hand

ide of ( 33 ). At equilibrium, the right hand side of ( 33 ) vanishes.
pecifically, the energy released by vertical dust settling cancels
ith the vertical contribution to the drag dissipation term Ė drag . 
As was done in Latter & Papaloizou ( 2017 ), one can in addition

onsider the conservation equation of vorticity. However, rather than
oing so, here we merely point out that drag forces and the radial
ressure gradient η do not enter the corresponding equation for the
otal vorticity ( ρg0 � ∇ × � v g + ρd 

� ∇ × � v d ) of dust and gas. 

.4 Linear perturbation equations 

o the equilibrium described in Section 2.2 , we add w ave-lik e,
xisymmetric perturbations of the form {

δρg , δ� u g , δP , δρd , δ� u d 

}
= Re 

[{
δρg1 , δ� u g1 , δP 1 , δρd1 , δ� u d1 

} · e i ( k x x+ k z z ) + σ t 
]

(38) 

‘Re’ denoting the real part) with positive real radial and vertical
avenumbers k x and k z , respectively, and generally complex fre-
uency 

≡ σR + iσI , 
NRAS 522, 5892–5930 (2023) 
here σ R is the real growth rate and σ I is the real oscillation
requency. The subscript 1 denotes complex perturbation amplitudes,
ut will henceforth be dropped for clarity. In our analysis presented
elow we will work with dimensionless quantities. Length will be
caled with r 0 , time will be scaled with 1/ �0 and densities will be
caled with ρg 0 . 

Linearizing equations ( 10 )–( 12 ) and equations ( 16 ) and ( 17 ) with
espect to the abo v e equilibrium and assuming equation ( 38 ) yields
he dimensionless perturbation equations for the gas: 

δρg = −
(

ik x u g0 + 

1 

β

)
δρg + 

(
1 

H r 

− k x 

k z 

1 

H z 

)
δu g , (39) 

δu g = −ik x u g0 δu g + 2 δv g − ik x δP − H r N 

2 
r δρg 

+ 

ε0 

τ

(
δu d − δu g 

)+ δρd 

1 

τ

(
u d0 − u g0 

)
, (40) 

δv g = −ik x u g0 δv g −
(

1 

2 
− k x 

k z 
q z 

)
δu g 

+ 

ε0 

τ

(
δv d − δv g 

)+ δρd 

1 

τ

(
v d0 − v g0 

)
, (41) 

k x 

k z 
δu g = −i 

k 2 x 

k z 
u g0 δu g + ik z δP + H z N 

2 
z δρg 

− ε0 

τ

(
δw d + 

k x 

k z 
δu g 

)
− δρd 

1 

τ
w d0 , (42) 

nd for the dust: 

δρd = −i ( k x u d0 + k z w d0 ) δρd − iε0 ( k x δu d + k z δw d ) , (43) 

δu d = −i ( k x u d0 + k z w d0 ) δu d + 2 δv d + 

1 

τ

(
δu g − δu d 

)
, (44) 

δv d = −i ( k x u d0 + k z w d0 ) δv d − 1 

2 
δu d + 

1 

τ

(
δv g − δv d 

)
(45) 

− q z δw d , 

δw d = −i ( k x u d0 + k z w d0 ) δw d + 

1 

τ

(
−k x 

k z 
δu g − δw d 

)
. (46) 

here we used the linearized version of the incompressibility
ondition ( 10 ): 

w g = −k x 

k z 
δu g , (47) 

o eliminate the vertical gas velocity. Equations ( 40 ) and ( 42 ) can be
ombined to obtain the pressure perturbation 

P = 

i 

k 2 

[ (
H r N 

2 
r k x + H z N 

2 
z k z 

)
δρg − 2 k x δv g 

− k x 
(
u d0 − u g0 

)+ k z w d0 

τ
δρd − ε0 k x 

τ
δu d − ε0 k z 

τ
δw d 

]
, (48) 

hich contains contributions from buoyancy (the first bracket), radial
nd vertical dust–gas drift (the third term), as well as dust–gas drag
the last two terms). Equation ( 48 ) is plugged into equation ( 40 ) such
hat the final set of perturbation equations ( 39 )–( 41 ) and ( 43 )–( 46 )
re seven equations for seven unknowns. 

Thus, the gas in isolation is characterized by the parameters β, H r ,
 z , N 

2 
r , N 

2 
z and q z . On the other hand, the description of gas and dust

n co-existence requires in addition the parameters ε, τ and η. Table 1
ummarizes the most important parameters, scales, and definitions
hat appear throughout the paper. Possible inter-dependencies of
hese parameters and their connection to the global disc model are
escribed in Section 2.6 . It should be noted that the aspect ratio h 0 is
ot a parameter of our model, but is used to set the values of several
odel parameters. 



Instabilities in protoplanetary discs 5897 

Table 1. Important symbols and definitions. ( ∗): ‘equ.’ = equilibrium, ‘vel.’ 
= velocities, ‘pert.’ = perturbation, ‘cms’ = center of mass. 

Symbols Definitions 

σ complex eigenvalue of pert. ∗
k x / z radial/v ertical wav enumber of pert. ∗

k = 

√ 

k 2 x + k 2 z total wavenumber of pert. ∗

μx/z = 

k x/z 

k 
scaled radial/vertical wavenumber of pert. ∗

β dimensionless gas cooling time 
γ gas’ adiabatic index 
p density slope parameter of global disc 
q temperature slope parameter of global disc 
η dimensionless radial pressure gradient 
�0 orbital reference frequency 
r 0 reference disc radius 
ε0 equilibrium dust-to-gas density ratio 
τ particle Stokes number 
N 

2 
r/z squared radial/vertical buoyancy frequency 

H r / z radial/vertical entropy stratification length 
H 0 vertical disc scale height 
z 0 distance away from the disc mid-plane 
h 0 = 

H 0 
r 0 

disc aspect ratio 
q z vertical shear parameter ˜ q z = q z 

k x 
k z 

− 1 
2 VSI threshold parameter 

δu d , δv d , δw d linear dust pert. ∗ vel. ∗
δu g , δv g , δw g linear gas pert. ∗ vel. ∗
δρd , δρg linear dust and gas pert. ∗ densities 
δu , δv , δw linear one-fluid pert. ∗ vel. ∗
a d , x = k x u d 0 radial dust advection parameter 
a d , z = k z w d 0 vertical dust advection parameter 
a g , x = k x u g 0 radial gas advection parameter 
u d 0 , v d 0 , w d 0 dust equ. ∗ vel. ∗
u g 0 , v g 0 , w g 0 gas equ. ∗ vel. ∗
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The perturbation equations for gas and dust can be written as 

 

� b = σ � b , (49) 

here M is a 7 × 7 complex matrix and � b = 

{
δρg , δu g , δv g ,

ρd , δ� u d 

}T 
is a corresponding eigenvector. In the general case, we 

olve this eigenvalue problem with standard packages in IDL. 

.5 Pseudo-energy decomposition 

ollowing Ishitsu, Inutsuka & Sekiya ( 2009 ), we perform an energy
ecomposition of the linearized two-fluid equations ( 39 )–( 46 ). This
echnique has been pro v en to be a useful tool to better understand
inear instabilities in terms of their driving forces and damping 
gents (see for instance Lin 2021 ; Lin & Hsu 2022 ). We therefore
ultiply equations ( 40 ) and ( 41 ) with δu 

∗
g and 4 δv ∗g , respectively, and

quations ( 44 ), ( 45 ), and ( 46 ) with δu 

∗
d , 4 δv 

∗
d , and δw 

∗
d , respectively.

e then add the results and take the real part to obtain the total
pseudo’-energy. 1 

 pseudo ≡ | δu g | 2 + 4 | δv g | 2 + | δw g | 2 
+ ε0 

(| δu d | 2 + 4 | δv d | 2 + | δw d | 2 
)

≡
4 ∑ 

i= 1 

E i , (50) 

here we used ( 47 ), and find 
 The factor 4 has been chosen as in Ishitsu et al. ( 2009 ) to eliminate the 
ontributions due to the epicyclic terms. 

i
s  

η

c  
 1 = −H r N 

2 
r Re 

[
δu g δρ

∗
g 

]− H z N 

2 
z Re 

[
δw g δρ

∗
g 

]
, (51) 

 2 = −4 q z 
(
Re 

[
δw g δv 

∗
g 

]+ ε0 Re 
[
δw d δv 

∗
d 

])
, (52) 

 3 = 

1 

τ

[ (
u d0 − u g0 

)
Re 

[
δu g δρ

∗
d 

]
+ 4 

(
v d0 − v g0 

)
Re 

[
δv g δρ

∗
d 

]+ w d0 Re 
[
δw g δρ

∗
d 

] ]
, (53) 

 4 = − ε0 

τ

(| δu d − δu g | 2 + 4 | δv d − δv g | 2 + | δw d − δw g | 2 
)
, (54) 

here ‘ ∗’ indicates the complex conjugate of a quantity. In turn,
 1 - E 4 are contributions due to buoyanc y, v ertical shear, dust–gas
rift, as well as dust–gas drag, respectively . Correspondingly , in our
nalyses presented in Sections 4.1 and 5.1 we will refer to terms ∝

ε0 
τ

(
δ� v d − δ� v g 

)
as ‘drag force terms’, and to terms ∝ δρd 

(� v d0 − � v g0 

)
s ‘dust–gas drift terms’. 

.6 Dimensionless parameters 

ur local hydrodynamic model defined abo v e is specified by a
umber of (dimensionless) parameters. Here we briefly moti v ate the
hoice of all parameter values used in our numerical calculations 
elow. We do this by evaluating these parameters at a fiducial
ocation ( r = r 0 , z = −z 0 ) in a given global disc model. In this
ection, we use a ‘hat’ notation to indicate the dimensionless versions
f specific dimensional quantities defined abo v e by adopting the
caling as described in Section 2.4 . For clarity, the ‘hats’ will,
s also done in Section 2.4 , be dropped in the remainder of the
aper. 
We consider locally isothermal equilibria with 

 = c 2 s ρg , (55) 

here c s is a prescribed sound-speed profile. We assume radial power
aw dependencies for sound-speed and the mid-plane gas density 
rofiles, while the vertical gas profile is Gaussian. That is, 

 

2 
s ( r ) ∝ 

(
r 

r 0 

)q 

, (56) 

g ( r, z ) ∝ 

(
r 

r 0 

)p 

exp 

(
− z 2 

2 H 

2 

)
, (57) 

here the temperature slope parameter q is not to be confused with
he vertical shear parameter q z . Typically, p and q are ne gativ e and
f order unity. Note that the vertical hydrostatic equilibrium of pure
as, thin discs yields H = c s / �K . 

.6.1 Global radial pr essur e gradient and vertical shear rates 

valuating the radial pressure gradient parameter [equation ( 1 )] using 
he abo v e profiles giv es: 

= −h 

2 
0 

2 
( p + q ) , 

here 

 ≡ p + 

z 2 0 

H 

2 
0 

∂ ln H 

∂ ln r 

∣∣∣∣
0 

s the height-dependent, local radial gas density gradient. For radially 
mooth discs, η is of order h 

2 
0 . For simplicity, in this study, we set

= h 

2 
0 when considering a non-zero radial pressure gradient. All 

alculations in Section 4 are performed assuming a disc aspect ratio
MNRAS 522, 5892–5930 (2023) 
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 0 = 0.05. On the other hand, in Section 5 we use h 0 = 

√ 

10 −3 ,
o facilitate a better comparison with the results on the linear DSI
resented in Krapp et al. ( 2020 ). 
The vertical shear rate for a locally isothermal, thin gas disc is

pproximately 

 z � −qh 0 

2 

z 0 

H 0 
. (58) 

his is obtained from the definition of q z [equation ( 4 )] and
he e xact e xpression r ∂ z �

2 
g = q( z/r) �2 

K 

(
1 + z 2 /r 2 

)−3 / 2 
(see

in & Youdin 2015 , Equation 20). Thus | q z | � h 0 and is typ-
cally (for q < 0) positive below the disc mid-plane. In prac-
ice, if vertical shear is considered, we adopt a positive value
 z = 0.05 z 0 / H 0 . 

.6.2 Buoyancy frequencies, entropy stratification lengths, and 
ooling 

e find from ( 5 ) using ( 7 ) and ( 55 )–( 57 ) the dimensionless radial
uoyanc y frequenc y ̂ 
 

2 
r = h 

2 
0 q 

2 f ( ζ ) , (59) 

here 

 ( ζ ) = ζ ( ζ + 1 ) − ( ζ + 1 ) 2 

γ
, with ζ = 

p 

q 
. (60) 

he quantity − ̂ N 

2 
r is also known as the Richardson number (Latter

016 ). Since f ( ζ ) ∼ O ( 1 ) , for smooth discs | ̂  N 

2 
r | ∼ h 

2 
0 . Depending

n the values of p and q , ̂ N 

2 
r can be positive or ne gativ e. At the

isc mid-plane ( p = p), a rather flat radial density profile is needed
o make ̂ N 

2 
r < 0, which is required for the COS. Ho we v er, a way

rom the mid-plane, | p | can be reduced on account of the disc
aring. In all cases with a ne gativ e value we use ̂ N 

2 
r = −0 . 01.

n some calculations in Section 4.4 we use a positive valuê 
 

2 
r = 0 . 05. 
The radial entropy stratification length ( 8 ) is computed via 

̂ 
 r = 

̂ H r ̂
 N 

2 
r ̂ N 

2 
r 

= 2 
η̂ N 

2 
r 

, (61) 

o that | ̂  H r | ∼ 2 η
h 2 0 

is O ( 1 ) . 

Furthermore, we find from ( 6 ) using ( 3 ), ( 7 ) and ( 55 )–( 57 ) the
imensionless vertical buoyancy frequency 

̂ 
 

2 
z = 

(
1 − 1 

γ

)
z 2 0 

H 

2 
0 

. (62) 

or γ = 1.4 and at z 0 = H 0 , we find ̂ N 

2 
z � 0 . 28. In calculations that

nclude vertical buoyancy, we use this value unless otherwise stated.
Furthermore, using again ( 3 ), ( 7 ) and ( 55 )–( 57 ) one finds 

̂ 
 z = − γ h 0 

γ − 1 

(
H 0 

z 0 

)
. (63) 

hus, in smooth disc regions away from the disc mid-plane, one typ-
cally has | H z | � | H r | and | N 

2 
z | � | N 

2 
r | . Ho we ver, near special loca-

ions such as pressure bumps, ice lines, or dead zone edges | N 

2 
r | may

ake larger values, whereas | H r | is expected to take smaller values. 
Finally, we use the dimensionless cooling time β [equation

 13 )] as a convenient parameter to explore different thermodynamic
esponses of the gas. The isothermal limit corresponds to β → 0,
hile the adiabatic limit corresponds to β → ∞ . Ho we ver, in practice
alues of β � 10 −2 are identical to the isothermal limit, whereas

3 
NRAS 522, 5892–5930 (2023) 

alues β � 10 reproduce adiabatic results. 
.6.3 Dust size and abundance 

he implementation of dust in our model introduces two additional
arameters compared to the pure gas model. These are the particle
tokes number τ [equation ( 15 )] and the equilibrium dust-to-gas
atio ε0 [cf. equation ( 18 )]. 

In this paper, we assume tightly coupled dust and gas with small
tokes numbers τ � 10 −2 , although specific illustratory calculations
re performed with larger values. In a Minimum Mass Solar Nebula
isc, τ ∼ 10 −3 –10 −2 corresponds to particle sizes from ∼ 280 μm
t 10 au to ∼ 9 μm at 100 au for τ = 10 −3 , or between ∼ 3 mm and
0 μm for τ = 10 −2 (Chen & Lin 2020 ). 
In the mid-plane of PPDs, dust is expected to settle to a relatively

ense layer with ε0 ∼ 1 if the disc is laminar. Ho we ver, this v alue
ay be significantly smaller in the presence of external turbulence.
e therefore consider a range of values 10 −2 � ε0 � 1 in the disc
id-plane in Section 4 . On the other hand, for our calculations in
ection 5 away from the mid-plane at z = H 0 we assume, unless
therwise stated, ε0 = 10 −3 , as in Krapp et al. ( 2020 ). 

.6.4 Parameter inter-dependencies 

hile some of the abo v e parameters can be adjusted independently
n our local model, they can be connected in the global disc. This
s for instance true for the vertical shear q z and the radial pressure
radient, both of which depend on the radial temperature profile of
he global disc. Furthermore, in the presence of a finite gas cooling
ime β > 0 and radial buoyancy N 

2 
r �= 0, one necessarily has η �= 0.

hat being said, it can still be useful to study the effect of a finite
 

2 
r while setting η = 0, since the two parameters result in physically

if ferent ef fects. The same applies to v ertical shear q z and v ertical
uoyancy N 

2 
z . Of course, in the isothermal limit β → 0 the effect of

uoyancy v anishes, ef fecti vely setting N 

2 
r → 0 and N 

2 
z → 0, while

and q z can still be non-zero. 

 PRELI MI NARI ES  O N  T H E  STUDIED  

NSTABILITIES  

he set of linearized equations ( 39 )–( 46 ) encapsulates a number of
nown gas and dust–gas instabilities, namely the COS, DSI, SI, and
SI, in the appropriate limits. In this paper, we generalize these

nstabilities within the aforementioned local model of dusty, non-
sothermal gas. We shall also find new instabilities unique to various
ombinations of physical effects (vertical shear, dust settling or drift,
uoyancy, etc.). To guide our investigation in a more systematic
anner, we here provide a summary of the ‘base’ instabilities above.
The COS, DSI, SI, and VSI are all destabilized inertial waves

IW), which are therefore central to our study. IWs are restored by
he Coriolis forces and thus only exist in rotating flows. They are

ost easily extracted from the linearized equations by considering
n isothermal, pure gas disc without vertical shear ( β = ε0 = q z =
). We then find σ = i σ IW 

, with 

IW 

≡ ± k z √ 

k 2 x + k 2 z 

, (64) 

n dimensionless units. IWs, therefore, require k z �= 0, as do the base
nstabilities. In the limit | k x / k z | � 1, IWs attain frequencies of ±1,
orresponding to the local Keplerian frequency. In the discussion
elow, for convenience, we define μz ≡ k z / k , where k = 

√ 

k 2 x + k 2 z . 
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Figure 1. Illustration of gas motions in an inertial wave with wavenumber 
� k = k x � e x + k z � e z with k x � k z > 0, which is ought to be subject to the VSI: 
The destabilizing vertical gradient of angular velocity ∂ �/ ∂ z dominates the 
stabilizing radial gradient ∂ �/ ∂ r , as explained in the text. 
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.1 Pure gas instabilities 

.1.1 COS 

s mentioned earlier, the COS requires the square of the radial 
uoyanc y frequenc y to be ne gativ e, N 

2 
r < 0, and its growth rate is

aximal for gas cooling times β ∼ 1. Under typical conditions 
here ∂ P / ∂ r < 0, the former criterion amounts to a ne gativ e

adial entropy gradient, ∂ S/ ∂ r < 0. The COS is an o v erstability
oscillatory instability) of inertial waves which feeds off of the 
isc’s unstable radial entropy gradient: Consider a gas parcel that 
s displaced radially outward from its original reference radius. Due 
o disc rotation it will undergo epicyclic oscillation. If ∂ S/ ∂ r < 0,
uring the first half of its epicycle the parcel will get in contact with
colder’ material such that it will deposit some of its excess entropy.

hen it has returned to its original radius it is ‘colder’ (and hence
enser) than its surroundings and will therefore experience an inward 
uoyancy force, which accelerates the inward motion. The reverse 
rocess occurs during outward motion, which is hence amplified as 
ell, and the process runs a way. F or an illustrative explanation of

his mechanism, the reader is referred to Latter ( 2016 ). 
The linear, gaseous COS was first studied by Klahr & Hubbard 

 2014 ), Lyra ( 2014 ), and Latter ( 2016 ). Its potential role in plan-
tesimal formation has been demonstrated via the collection of dust 
n vortices in local shearing box hydrodynamics simulations (Lyra 
t al. 2018 ; Raettig et al. 2021 ). In Sections 4.2.1 –4.3 we study in
ome detail the effect of dust on the COS in the disc mid-plane. In
ddition, in Section 5.4 we briefly consider the effect of dust settling
n the COS away from the mid-plane. 

.1.2 VSI 

he local VSI studied here is a non-oscillatory instability of inertial 
aves, tapping into the vertical gradient of the disc’s equilibrium 

rbital velocity ∂ �g / ∂ z. This contrasts to the vertically global VSI 
odes found in semi-global analyses (Barker & Latter 2015 ; Lin &
oudin 2015 ) and numerical simulations (Nelson et al. 2013 ; Stoll &
ley 2014 ), which are overstable. Nevertheless, a local approach is
uch more analytically tractable, while still capturing the essence of 

he instability. 
In the local picture, we imagine an inertial wave with wave 

ector � k = k x � e x + k x � e z with k x � k z in an incompressible gas, as
epicted in Fig. 1 . On account of incompressibility, gas motions 
ccur on straight ‘lines’ inclined to the mid-plane. In the presence 
f vertical shear q z > 0 [equation ( 4 )], a gas parcel will possess
 larger specific angular momentum than its surroundings upon 
ownward motion (as indicated by the arrows). This will force it
o mo v e radially outward, which amplifies the downward motion. 
imilarly, upward motion is amplified as well, and instability ensues. 
or this mechanism to work, the ratio k x / k z has to be sufficiently large
nd positive. Otherwise, motions are stabilized by the disc’s radial 
ngular momentum gradient. This also implies that the instability is 
on-oscillatory, as the restoring inertial forces are o v er-compensated 
y the destabilizing vertical angular momentum gradient. In the case 
 z < 0 the same argument applies to waves with k x / k z � −1. 
The VSI has largely been studied in pure gas discs. In the limit of

erfectly coupled dust, the VSI can be dampened by dust-induced 
uoyancy as it ‘weighs down’ the gas (Lin & Youdin 2017 ; Lin
019 ). Ho we ver, this only occurs in a stratified dust layer and is thus
bsent in our vertically local models. Instead, in Section 5.1 we will
tudy the effect of partially coupled dust on local VSI modes, as well

s the interaction of the VSI and the DSI. 
.2 Drag instabilities 

he SI and the DSI apply to dusty gas in which there exists
n equilibrium drift between dust and gas. For small dust-to-gas 
atios, these instabilities belong to a general class of ‘resonant drag
nstabilities’ (RDI: Squire & Hopkins 2018 ). According to RDI 
heory, a dusty fluid (here a mixture of gas and a single species
f dust) can be subject to a linear ‘drag instability’ if the equilibrium
rift velocity between dust and gas matches the phase velocity of
eutr al wav es that e xist in the pure gas limit. This condition reads 

� k · � � v 0 = σI 

(� k 
)

, (65) 

here σ I is the (real-valued) oscillation frequency of an underlying 
as wave, and � � v 0 = � v d0 − � v g0 is the drift velocity at equilibrium.
quation ( 65 ) relates the radial and v ertical wav enumbers that yield
aximum growth (i.e. those which are resonant). 
In the case of the standard SI and the DSI, instability results from

 resonance between IWs and the background drift. Then σ I = σ IW 

,
hile the radial component of the dust–gas drift, � u 0 , can be found
y subtracting equations ( 23 ) and ( 20 ) and the vertical component is
he dust settling velocity directly given by ( 25 ). 

We note that the original RDI recipe was formulated for neutral,
urely oscillitory gas waves with σ = i σ I . Ho we ver, in our analyses
elow, the gas is generally subject to buoyancy and cooling. This
mplies (as shown in Section 4.1 ) that generally, σ = σ R + i σ I , with

R �= 0, i.e the corresponding gas waves are not neutral. Nevertheless,
hen analysing the dusty gas problems below, we will apply the
DI condition ( 65 ) to the imaginary part σ I of the complex pure gas

requency. Our results in Sections 4.4 and 5.2 will confirm that this
pproach is appropriate. 

.2.1 SI 

he classical SI (Youdin & Goodman 2005 ) was derived for an
ncompressible, isothermal dusty gas (i.e. without buoyancy and 
ooling/heating effects) in the disc mid-plane with w d 0 = 0 and
o vertical shear q z = 0. Applying the RDI condition, equation ( 65 ),
o IWs and a background radial dust–gas drift, we find 

 x �u 0 = ±μz , (66) 

hich gives the resonant vertical wavenumber as 

 z, res = ± k 2 x �u 0 √ 

1 − �u 

2 
0 k 

2 
x 

. (67) 
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lthough this equation might suggest that there are two different
urves k z, res ( k x ), in a linear analysis (as considered in this paper)
nly one of the two solutions needs to be considered, since we only
onsider equilibria with � u 0 < 0. 

Previous theoretical studies of the SI have been restricted to the
sothermal limit. In this paper, we explore the possible influence of
uoyancy effects, the degree of which is controlled by the gas cooling
ime, on the SI (Section 4.4 ). We will find that the SI can be modified
ecause cooling affects the underlying IWs or the RDI condition. 

.2.2 DSI 

he DSI is an extension of the SI that emerges when vertical
ust–gas drift with the dust settling velocity w d 0 occurs in addition
o radial drift � u 0 . The resonant criteria for the standard, isothermal
SI is thus 

 x �u 0 + k z w d0 = ±μz . (68) 

oth components of the drift velocity drive the DSI, with the vertical
omponent being the dominant one if | w d 0 | � | � u 0 | . This typically
ccurs at sufficiently large (dimensional) heights z 0 � h 0 H 0 from the
isc mid-plane. In contrast to the resonance condition ( 67 ) for the
I, equation ( 68 ) for the DSI generally yields two distinct solutions,
hich in the general case need to be computed numerically. 
In this paper, we investigate the effects of buoyancy and also

ertical shear on the DSI (Section 5.2 ). An interesting result we
nd is that, for non-isothermal gas, there is a third resonance with
cooling modes’, which have σ I = 0. For such a mode, the resonance
ondition reads 

 z, res = −�u 0 

w d0 
k x . (69) 

lthough the original RDI recipe applies to neutral gas waves, while
he cooling modes decay in the pure gas limit, we nevertheless
nd them to resonate with dust–gas drift and cause instability (see
ection 5.2 ). 

 ANALYSIS:  T H E  C O S  A N D  T H E  SI  

n this section, we consider linear instabilities that do not involve
ertical shear or dust settling by setting q z = w d 0 = 0. This certainly
pplies to the disc mid-plane ( z 0 = 0), but our analysis below is not
imited to this location. For example, for a barotropic equilibrium,
ertical shear vanishes identically; and dust settling is irrele v ant in
ure gas discs. We generally allow N 

2 
z > 0 and finite H z , but it

hould be kept in mind that these quantities formally vanish and
NRAS 522, 5892–5930 (2023) 
i verge, respecti vely, if one applies our results to the disc mid-plane.
ote that the quantity H z N 

2 
z ∝ ∂ z P → 0 as z 0 → 0. 

Ne glecting v ertical shear and dust settling simplifies the problem
y eliminating the VSI and DSI, respecti vely, allo wing us to first
ocus on the COS and SI. Compared to previous studies, we will
tudy here for the first time the linear COS in the presence of dust, as
ell as the effect of buoyancy on the linear SI. Table 2 summarizes the

nalyses considered in this section and lists the rele v ant parameters
nvolved in each analysis. 

.1 Pure gas, the COS 

e begin by examining the COS in the pure gas limit. To this end,
e further set ε0 = δρd = 0 and discard the dust equations ( 43 )–

 45 ). The setup here generalizes previous COS analyses (Klahr &
ubbard 2014 ; Lyra 2014 ) by incorporating the effect of vertical
uoyancy N 

2 
z �= 0, which only exists off of the mid-plane. However,

s discussed abo v e, the fact that we ne glect v ertical shear means that
e are implicitly considering a barotropic equilibrium or that we are

onsidering the disc mid-plane. 
In this limit, we obtain the cubic dispersion relation 

 = βσ 3 + σ 2 + ξβσ + μ2 
z , (70) 

here 

= μ2 
z 

(
1 + N 

2 
r 

)+ μ2 
x N 

2 
z − μx μz 

(
H r 

H z 

N 

2 
r + 

H z 

H r 

N 

2 
z 

)
, (71) 

nd recall μz = k z / k and σ = σ R + i σ I . We now follow Lyra ( 2014 )
nd consider the real and imaginary parts of equation ( 70 ): 

 = βσ 3 
R + 

(
σ 2 

R − σ 2 
I + μ2 

z 

)+ β
[
ξ − 3 σ 2 

I 

]
σR , (72) 

 = 

(
βξ − βσ 2 

I + 3 βσ 2 
R + 2 σR 

)
σI . (73) 

ssuming σ I �= 0, first we solve ( 73 ) for σ I to obtain 

I = ±
√ 

ξ + 3 σ 2 
R + 

2 

β
σR . (74) 

lugging this relation into ( 72 ) and assuming | σ R | � 1/ β (which
urns out to be fulfilled) we find 

R = −
(
ξ − μ2 

z 

)
β

2 
(
1 + β2 ξ

) . (75) 

There is no simple instability criterion on the disc structure in the
eneral case, but instructive results may be obtained in the limiting
ases examined below. Furthermore, there is one subtlety involved
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Figure 2. Contours of linear growth rates of the COS in a pure gas with N 

2 
r = −0 . 01, H r = −0.5 and β = 0.1, obtained from the numerical solution of ( 70 ) for 

different radial and vertical wavenumbers k x and k z , respectively. Left: calculation in absence of vertical buoyancy ( N 

2 
z = 0 and 1/ H z = 0, such that H z N 

2 
z = 0), 

with ξ = μ2 
z 

(
1 + N 

2 
r 

)
. The dashed curve represents the growth rate of modes with fixed k z H 0 = 400 and varying k x (values indicated on the right axis). The 

circles are the same growth rate computed using the analytical expression ( 76 ). Right: calculation including vertical buoyancy N 

2 
z = 0 . 28 with H z = −0.175 

[cf. ( 62 )]. The filled circles now correspond to ( 75 ) with ξ given by ( 71 ). The open circles represent the perturbation expression ( 80 ). Compared to the case with 
N 

2 
z = 0 we find that the unstable region shrinks to smaller wavenumbers. Furthermore, COS modes now experience a cut-off at a radial wavenumber given by 

( 82 ). All of the displayed growth rate curves in each panel, respectively, are in excellent agreement. 
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n the analytical solutions ( 74 ) and ( 75 ), which for sufficiently small
x describe inertial waves affected by buoyancy. These have been 
erived under the assumption that σ I �= 0, since otherwise equation 
 73 ) would be trivially fulfilled. For example, the full problem
ncludes the cooling mode, which possesses a purely real eigenvalue, 
nd which is discarded by this assumption. This is unimportant for
he discussion here as we focus on the COS. 

Ho we ver, in the case that N 

2 
z �= 0, the full numerical solution of

he cubic ( 70 ) turns out to be more complex than what is described
y ( 74 ) and ( 75 ). That is, the full numerical solution, which provides
hree eigenvalues for all parameter values, reveals that the growth 
ates of the inertial waves undergo a ‘bifurcation’ for a given k x ≡
 x , bif , the latter depending on the values of k z , N 

2 
z and β. At this

ifurcation the wave frequencies drop to zero. We explore this in 
ppendix B . 
Our analysis of the COS in this section is not affected by this

ifurcation. The reason is that in the presence of vertical buoyancy, 
e find below that the COS modes rapidly damp for k x -values much

maller than those for which the bifurcation occurs. For these values 
 x � k x , bif the analytical expressions ( 74 ) and ( 75 ) correctly apply. 

.1.1 No vertical buoyancy 

e can reco v er the standard COS in an unstratified disc by neglecting
 ertical buoyanc y, N 

2 
z → 0, and setting H z → ∞ (such that H z N 

2 
z →

). Then ξ → μ2 
z 

(
1 + N 

2 
r 

)
, which gives 

R = − βμ2 
z N 

2 
r 

2 
(
1 + β2 μ2 

z 

[
1 + N 

2 
r 

]) . (76) 

ypically | N 

2 
r | � 1 in PPDs (cf. Section 2.6 ). Thus equation ( 76 )

ignifies instability when N 

2 
r < 0 (an unstable radial stratification). 

By taking ∂ σR / ∂ β = 0, we reco v er the maximum growth rate of
he COS over cooling times 

R, max = −1 

4 

∣∣∣∣k z k 

∣∣∣∣ N 

2 
r √ 

1 + N 

2 
r 

, (77) 
hich occurs for β = 1 / ( μz 

√ 

1 + N 

2 
r ) ≈ 1 /μz such that the opti-

um cooling time depends on the wavenumbers (Lyra 2014 ; Latter
016 ). In the limit of long radial wavelengths k x → 0 this yields 

R, max ≈ −1 

4 
N 

2 
r (78) 

or β ≈ 1. Fig. 2 (left-hand panel) shows contours of linear growth
ates for β = 0.1 and N 

2 
r = −0 . 01, obtained from the numerical solu-

ion of ( 70 ) in the unstratified limit (see abo v e). The dashed curv e rep-
esents the growth rate for k z H 0 ∼ 400 and is compared to the analyt-
cal expression ( 76 ) represented by asterisks, in excellent agreement.

.1.2 Effect of vertical buoyancy 

e now consider the effect of vertical buoyancy on the COS.
ig. 2 (right-hand panel) shows numerically computed growth rates 
rom the full dispersion relation [equation ( 70 )] including vertical
uoyancy N 

2 
z = 0 . 28 and a comparison with the analytical expression

equation ( 75 )] for fixed k z H 0 ∼ 400. We see that the region
f instability (in blue) has shrunken towards larger wavenumbers 
ompared to the unstratified case (the left panel). Furthermore, 
 ertical buoyanc y introduces a maximum k x beyond which growth
ates drop to zero; whereas in the unstratified case growth rates decay
moothly as k −2 

x [equation ( 76 )]. 
To explain the above differences, we consider the cooling time β

s a small perturbation parameter 2 and adopt the perturbation series 

= σ0 + σ1 β + σ2 β
2 + . . . 

or the complex eigenvalue, where the σ i are complex. Inserting this 
n ( 70 ) and expanding the latter in orders of β prompts the equation 

 = μ2 
z + σ 2 

0 + σ0 

(
ξ + σ 2 

0 + 2 σ1 

)
β + O 

(
β2 
)
, (79) 

ith ξ given by equation ( 71 ). Solving ( 79 ) at each order of β
eparately yields σ 2 

0 = −μ2 
z and σ1 = 

(
μ2 

z − ξ
)
/ 2, which gives the 
MNRAS 522, 5892–5930 (2023) 
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Figure 3. Illustration of the effect of dust loading on linear COS modes with 
k z H 0 = 400. The solid curves are linear growth rates of the COS in a dusty 
gas obtained from numerical solution of ( 49 ) using β = 0.1, N 

2 
r = −0 . 01, 

H r = −0.5, τ = 10 −2 and various values of ε0 as indicated. Furthermore, as 
explained in the text, we used η = 0. The solid curve with ε0 = 0 is the pure 
gas growth rate for the same parameters obtained from numerical solution of 
( 70 ) with ξ = μ2 

z 

(
1 + N 

2 
r 

)
. On the other hand, the dashed curves are also 

pure gas growth rates of the COS, obtained from numerical solution of ( 70 ), 
but with N 

2 
r replaced the ef fecti v e buoyanc y frequenc y ( 86 ). Note that the 

blue dashed curve corresponding to ε0 = 0.03 almost indistinguishable from 

the black solid curve corresponding to ε0 = 0. 
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omplete frequency as 

= ±iμz − 1 

2 
μ2 

z N 

2 
r β − 1 

2 
μ2 

x N 

2 
z β + 

1 

2 
μx μz β

(
H z 

H r 

N 

2 
z + 

H r 

H z 

N 

2 
r 

)
, (80) 

o first order in β. The second term agrees with equation ( 76 ) in the
imit β � 1 and can result in the COS. The third term results in
 damping effect for sufficiently large k x due to vertical buoyancy
or N 

2 
z > 0. On the other hand, the last term can either be damping

r amplifying, depending on the values of the involved quantities.
t is noteworthy that this term can in principle be destabilizing for
pecific combinations of radial and vertical wavenumbers above and
elow the disc mid-plane, respectiv ely, ev en if the disc is conv ectiv ely
table in both radial and vertical directions. Also, one sees that this
mplification is strongest if | k x | ∼ | k z | (see Volponi 2016 , for a
etailed analysis). For the fiducial parameter values adopted in this
aper (Section 2.6 ) this term is indeed slightly amplifying, but small
ompared to the other terms, explaining the mild rise of the growth
ates with increasing k x before these eventually drop to ne gativ e
alues (Fig. 2 , the right-hand panel). 

The cut-off radial wavenumber beyond which growth rates drop to
e gativ e values, which is induced by vertical buoyancy, is found by
etting ξ = μ2 

z [cf. equation ( 75 )], or equi v alently σ 1 = 0, yielding
he quadratic equation for k x 

 

2 
z k 

2 
x −

(
H r N 

2 
r 

H z 

+ 

H z N 

2 
z 

H r 

)
k x k z + N 

2 
r k z = 0 . (81) 

sing H r < 0, N 

2 
r < 0, H z < 0 and N 

2 
z > 0, we find 

 x, cut-off = k z 
H z 

H r 

. (82) 

his yields k x H 0 ∼ 140 for the parameters used in Fig. 2 , which
s consistent with the numerical results. We note that it can easily
e shown that (for the parameter regimes considered in this paper)
he values of k x , cut-off are much smaller than those for which the
igenvalues of inertial waves undergo a bifurcation, such that their
requencies vanish (Appendix B ). Therefore the linear COS modes
tudied here are not affected by this bifurcation. 

.2 COS in the presence of dust 

n this section, we consider the COS in the presence of dust, so that ε0 

 0 and δρd �= 0. First, we will ignore the effect of a radial background
ressure gradient in order to suppress the SI. This allows us to better
nderstand the effect of dust on linear COS modes (Section 4.2.1 ).
fter this is settled, we will include a radial pressure gradient, which

eads to the co-existence of the COS and the SI, but also to a new
nstability which turns out to be a dust-induced version of the COS
n the limit of long cooling times (Section 4.2.2 ). Throughout this
ection, vertical buoyancy is neglected. 

.2.1 Excluding a background radial dust–gas drift: dusty damping
f the COS 

e here consider the simplified case without a background radial
ust–gas drift, � v g0 = � v d0 = 0. This corresponds to η = 0, but since
∝ ∂ r P , this would actually imply N 

2 
r = 0 and eliminate the COS.

hus, our setup below with η = 0 but N 

2 
r �= 0 is not fully self-

onsistent, but is useful for understanding how dust–gas drag in the
erturbed state affects the COS without complications from the SI. 
In the absence of a radial background dust–gas drift, we find

he effect of dust on linear COS modes to be al w ays damping. This
amping can be described in terms of two distinct features. Compared
NRAS 522, 5892–5930 (2023) 
o the dust-free limit, dust lowers the o v erall lev el of the growth rates,
epending on the dust-to-gas ratio ε0 . In addition, the presence of
ust leads to a sharp cut-off at a critical radial wavenumber, such
hat modes with larger wave numbers decay, similar to the effect of
 ertical buoyanc y [cf. Equation ( 82 )]. This is illustrated in Fig. 3 ,
here the solid lines describe growth rates of COS modes with
 z H 0 = 400, β = 0.1, τ = 10 −2 and dif ferent v alues of ε0 . As
0 increases, growth rates decrease and the instability is limited to
onger radial scales. The dashed curves will be explained below. 

Within our two-fluid model (Section 2 ), the damping effects
ust described are necessarily related to the drag-force terms ∝
δ� v g − δ� v d 

)
in equations ( 40 ) and ( 41 ). This is demonstrated in

ig. 4 , where we plot the contours of growth rates obtained from
umerical solution of ( 49 ). The o v er-plotted curv e represents the
rowth rates for k z H 0 ∼ 400 which are compared to growth rates
esulting from the one-fluid model (Appendix A , see also Section
.3 ), as well as an analytical expression obtained below. All of the
ompared growth rates are practically identical in this case. The
ower panel shows the relevant energies involved in the excitation
nd damping of COS modes (Section 2.5 ) for the same vertical
avenumber. We find that it is essentially the radial and vertical drag

orces that damp the modes, whereas azimuthal drag forces appear
o be negligible. 

Next, we wish to verify the above results by means of a simple
erturbation analysis. We start with the dispersion relation of the
ystem of equations ( 39 )–( 46 ). The full expression is lengthy and
ill not be displayed here. Next we consider the Stokes number τ �
 as a perturbation parameter and adopt the perturbation series 

= σ0 + σ1 τ + σ2 τ
2 + . . . 
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Figure 4. Upper panels: Contours of linear growth rates of the COS in a pure 
gas (same as Fig. 2 ) and a dusty gas, the latter being obtained from numerical 
solution of ( 49 ) with β = 0.1, N 

2 
r = −0 . 01, H r = −0.5, ε0 = 0.3, τ = 10 −2 , 

without the effect of a radial pressure gradient η = 0. The dashed curve 
represents growth rates with fixed k z H 0 = 400 (values are indicated by the 
right hand axis). The red asterisks and magenta circles are the corresponding 
growth rates obtained from the one-fluid equations (Appendix A ) and the 
perturbation e xpression ( 83 ), respectiv ely, both in e xcellent agreement with 
the numerical two-fluid result. Lower panel: Pseudo-energy decomposition 
of the linear modes with k z H 0 = 400 (Section 2.5 ), showing that these are 
powered by radial buoyancy (as expected for the COS) and are damped mainly 
by radial and vertical dust–gas drag. 
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3 The remaining modes, which are not presented, are generally decaying on 
account of dust and are therefore not of interest here. 
4 We note that the cooling mode ( 84 ) is expressed here as truncated Laurent 
series to the next leading order. Therefore also ne gativ e powers of β occur, 
in contrast to a Taylor series, which is not applicable in this particular case. 
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or the eigenvalue. Inserting this in the full dispersion relation and 
xpanding the latter in orders of τ yields 

c 0 ( ε0 , k x , k z , β, N 

2 
r , σi ) 

+ c 1 ( ε0 , k x , k z , β, N 

2 
r , σi ) τ

+ c 2 ( ε0 , k x , k z , β, N 

2 
r , σi ) τ

2 + O 

(
τ 3 
) = 0 , (83) 

here i = 1, 2, . . . and where the coefficient terms c 0 − c 2 generally
ontain a vast number of terms. We further assume that the cooling
ime is small such that β � 1 and the gas is nearly (but not exactly)
sothermal. Solving ( 83 ) order by order in τ gives 

cool = − 1 

β
+ μ2 

z 

βN 

2 
r 

1 + ε0 
− μ2 

z 

ε0 τN 

2 
r 

( 1 + ε0 ) 
2 + O 

(
τ 2 
)
, (84) 
COS = ±iμz − 1 

2 
μ2 

z 

βN 

2 
r 

1 + ε0 
− μ2 

x 

ε0 τ

2 ( 1 + ε0 ) 

−i 
ε0 τN 

2 
r 

4 β ( 1 + ε0 ) 
2 μz μ

2 
x + O 

(
τ 2 
)
, (85) 

epresenting the cooling mode and the two COS modes 3 , affected
y tightly coupled dust, respectively. Since we assume β � 1, we 
xpanded 4 all terms to the leading order in β. The terms ∝ τ have in
ddition been expanded to leading order in N 

2 
r to simplify, but not

ualitati vely af fect the result. Since | N 

2 
r | � 1 the first term in the

ooling mode ( 84 ) al w ays dominates o v er the remaining terms such
hat stability is assured. The frequency and the growth rate of the
OS modes ( 85 ) agree with ( 74 ) and ( 75 ), respectively, in the limit
f small β and ε0 → 0. 
In the abo v e e xpressions, the radial buoyanc y frequenc y appears

nly in form of a product with 1/(1 + ε0 ), which is the equilibrium
ass fraction of gas [cf. ( A7 )]. This suggests the definition of an

ffective radial buoyancy frequency 

 

2 
r, eff ≡

N 

2 
r 

1 + ε0 
(86) 

f the dusty gas. Thus, we find here that the COS in a dusty gas
s excited by a buoyancy frequency ( 86 ) that is ef fecti vely reduced
y dust loading, leading to an o v erall reduction of the growth rates.
quation ( 86 ) implies that ε0 -values of order unity are required to
fficiently damp the COS on larger wavelengths. 

Returning to Fig. 3 , the dashed curves are growth rates of a pure gas
ith accordingly varying effective buoyancy frequency, i.e. Equation 

 77 ) where we replaced N 

2 
r → N 

2 
r, eff given by ( 86 ). For small k x the

rowth rates agree very well with the dusty cases. In the one-fluid
odel this effect of dust-loading is more clearly manifested (see 
ection 4.3.1 ). 
Furthermore, the real-valued term ∝ τ in ( 85 ) results in the growth

ates’ cut-off at larger k x . The cut-off wavelength can readily be
btained by setting the real part of σ COS equal to zero: 

 x, cut-off = 

√ 

−βN 

2 
r 

ε0 τ
k z . (87) 

s expected, the value of the cut-off wavenumber decreases with 
ncreasing ε0 τ (as also seen in Fig. 3 ) and (of course) only exists for
 

2 
r < 0. 
Since the third term in ( 85 ), which leads to the cut-off, is indepen-

ent of N 

2 
r , it represents a general effect of dust on inertial waves. In

ppendix C , we develop a reduced model to derive the same dusty
amping term of isothermal (i.e. not subject to buoyancy) inertial 
aves. Furthermore, in Section 4.3.2 we provide an explanation for 

his effect using the one-fluid formalism (Appendix A ). 
Alternatively, we can also assume that the inverse cooling time ˜ ≡ β−1 � 1 is small, such that the gas is nearly adiabatic. By

erforming again the series expansion in τ as described abo v e we
gain find the cooling mode in addition to the pair of inertial waves:

cool = − 1 + ε0 

1 + ε0 + N 

2 
r 

1 

β
− ε0 τN 

2 
r 

( 1 + ε0 ) 
2 + O 

(
τ 2 
)
, (88) 
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Figure 5. The upper panel shows contours of linear growth rates of a dusty 
gas with τ = 10 −2 , ε0 = 0.03, η = 0.0025, N 

2 
r = −0 . 01, H r = −0.5 and β = 

1000. In addition to the SI, the DCOS appears, which is powered by radial 
buoyancy and the radial pressure gradient η, as explained in the text. This is 
confirmed by the pseudo-energy decomposition, displayed in the middle panel 
for fixed k z H 0 = 1000. We note that in principle there is a small amplifying 
effect of radial buoyancy on the SI (cf. Section 4.4 ) as well. Ho we ver, this 
effect is much smaller than suggested by the plot since we display cube roots 
of the pseudo energies to increase the visibility of small contributions. For 
reference, the left dashed curve in the upper panel is the resonant wavenumber 
( 97 ), which is practically identical to ( 67 ) as explained in Section 4.4 . The 
right dashed curve will be explained in Section 4.3.4 . The bottom panel shows 
linear growth rates of a pure gas subject to the ef fecti ve cooling time ( 95 ). 
This plot confirms the principle amplification mechanism by dust on the COS 
resulting in the DCOS, which is explained in detail in Appendix D . 
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COS = ±iμz 

√ 

1 + ε0 + N 

2 
r 

1 + ε0 
− N 

2 
r 

2 β
(
1 + ε0 + N 

2 
r 

)
−μ2 

x 

ε0 τ

2 ( 1 + ε0 ) 
+ i 

3 ε0 τN 

2 
r 

4 β ( 1 + ε0 ) 
2 

μ2 
x 

μz 

+ O 

(
τ 2 
)
. (89) 

ere we expanded all terms to leading order in ˜ β and in addition,
he terms ∝ τ to leading order in N 

2 
r , prior to replacing ˜ β → 1 /β.

e now find that if ε0 → 0, the real and imaginary parts of equation
 89 ) agree with ( 74 ) and ( 75 ) in the limit β � 1 and ε0 → 0, as
 xpected. F or ε0 > 0, the leading growth rates again correspond to
n ef fecti v ely reduced radial buoyanc y frequenc y ( 86 ). 

Although the focus of this section lies on the COS, we briefly
iscuss the behaviour of the cooling mode ( 88 ). A finite coupling
ime between dust and gas can in the limit of long cooling times ( β

1) result in a quasi-thermal instability by rendering the cooling
ode unstable. This instability feeds off the perturbed relative drift

elocity between dust and gas induced by radial buoyancy, the latter
cting only on the gas, similar to pressure. Now, if N 

2 
r < 0 and β is

ufficiently large, i.e. if 

> − ( 1 + ε0 ) 
2 

ε0 τN 

2 
r 

, (90) 

hen the second term in ( 88 ) dominates, ef fecti vely rendering the
ystem thermally unstable. The resulting growth rates are small
hough, and are maximal for ε0 = 1, such that σR ∼ | N 

2 
r | τ ∼ h 

2 
0 τ .

n the other hand, if N 

2 
r > 0 the system is thermally stable and

he cooling rate of the dusty gas is enhanced compared to that of a
ure gas. Similar to the effect of dust on buoyancy described abo v e,
lso the effect of dust on cooling is more clearly manifested in the
ne-fluid model (see Section 4.3.3 ) 

.2.2 Including a background radial dust–gas drift: the DCOS 

e now include the effect of a background radial pressure gradient
 η �= 0), which is self-consistent with N 

2 
r �= 0, as required for the

OS. Ho we ver, as a background radial pressure gradient induces a
adial dust–gas drift, the system is also susceptible to the SI. The
o-existence of the two instabilities will be discussed in Section 4.5 .

In this section we focus on long cooling times β � 1 such that
he classical (pure gas) COS is negligible. Instead, we will show
ere that in the presence of dust and a radial background pressure
radient, the COS is modified such that in principle it can attain
onsiderable growth rates for arbitrarily large cooling times β � 1,
ncluding the adiabatic limit, with maximum growth rates (across all
avenumbers) actually increasing with increasing β. We, therefore,

efer to the corresponding instability as the Dusty Conv ectiv e Ov er-
tability (DCOS), which is illustrated in Fig. 5 for β = 1000 (upper
anel), where the DCOS (the right ‘branch’) co-exists with the SI
the left ‘branch’). 

First of all, we note that a cooling time β = 1000 implies that
he classical COS is practically negligible. That is, from ( 76 ) we
nd σ R ∼ 10 −5 for the parameters used in Fig. 5 . This estimate
oes not include the damping effect of dust described by ( 89 ), such
hat the actual growth rates are expected to be even smaller. On
he other hand, the DCOS requires N 

2 
r < 0 and η �= 0, as well as

ust. The first two criteria are prerequisites for the COS and the SI,
espectively. Similar to the COS, the radial buoyancy term in the
omentum equation ( 11 ) eventually drives the DCOS. As such, it is,

s its naming suggests, more closely related to the COS than to the
I. Indeed, when gradually increasing the cooling time β we find that
NRAS 522, 5892–5930 (2023) 
ne of the two COS modes is amplified within an increasingly narrow
avenumber range for decreasing frequency | σ I | < 1, whereas all
ther wavenumbers (outside of this range), as well as the entire other
OS mode gradually damp, as expected anyways for increasing β.
or β = 1000 the band of unstable wavenumbers is rather narrow for
maller wavenumbers, as seen in Fig. 5 . The principle mechanism
riving the DCOS can be well explained using the one-fluid model
nd will be discussed in Section 4.3.4 . 

Returning to Fig. 5 , the middle panel displays the pseudo-energy
ecomposition (Section 2.5 ), corresponding to modes with fixed k z H 0 
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Figure 6. Contours of linear growth rates of a dusty gas subject to a radial 
buoyanc y frequenc y N 

2 
r = −0 . 01, H r = −0.5, a cooling time β = 1000 and 

a radial pressure gradient η = 0.05 2 . The pre v alent instabilities for these 
parameters are the SI and the DCOS (as explained in the text), as labelled 
in the figure. Note that the classical COS is negligible with dimensionless 
growth rates < 10 −5 . The growth rates of the DCOS and the SI are displayed 
for varying ε0 (fixed τ = 0.01) in the top panel and varying τ (fixed ε = 0.03) 
in the bottom panel. The dashed curves are the resonant SI wave numbers 
resulting from ( 65 ), and solved for the corresponding quantity on the vertical 
axis in both panels. 
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1000. This plot shows that radial buoyancy is the driving force of
he DCOS, which confirms our interpretation as it being a modified 
by dust) version of the COS. Since here ε0 � 1, the SI modes, repre-
ented by the left ‘branch’, are mainly powered by azimuthal drift 5 (as
rst noted by Lin & Hsu 2022 ). The bottom panel will be explained in
ection 4.3.4 . 
In addition, Fig. 6 shows growth rates of the DCOS and the SI

or varying ε0 (top panel) and τ (bottom panel) at fixed k z H 0 =
000. We find that as long as ε0 � 1 the growth rates of the
COS exceed those of the SI. Furthermore, with increasing ε0 

he DCOS shifts toward the SI in wavenumber space, such that 
he instabilities increasingly o v erlap. On the other hand, with 
ncreasing Stokes number τ both instabilities shift to smaller k x - 
alues. While the SI growth rates increase with increasing τ (at 
east within the displayed range), those of the DCOS eventually 
anish due to increased damping by drag forces (cf. Appendix C ).
his can be confirmed by considering the modes’ pseudo-energies 

not shown). 
 Only for larger values ε0 � 1 the mode energies are dominated by radial 
rift. 

l
ν

e
t  

‘  

l  
.3 One-fluid description of the COS in a dusty gas 

any of the results presented in Sections 4.2.1 and 4.2.2 can be
nderstood by adopting the one-fluid formalism of a dusty gas, as
utlined in Appendix A . Below we will provide explanations for
he damping of COS modes in absence of a radial pressure gradient
= 0 (cf. Section 4.2.1 ) from the perspective of the single-fluid

pproximation. Similarly, the effect of dust on the cooling mode 
s well as the mechanism driving the DCOS will be discussed (cf.
ection 4.2.2 ). 

.3.1 Effective buoyancy of a dusty gas 

y invoking the one-fluid momentum equation ( A10 ), the o v erall
eduction of COS growth rates due to dust, as seen in Fig. 3 , can be
eadily understood as being the result of an ef fecti vely reduced radial
uoyanc y frequenc y ( 86 ), the magnitude of which is the driving force
f the COS, as it couples to the epicyclic fluid motion in equation
 A10 ). This is because the radial buoyancy term in the single fluid
pproximation ( A10 ) reads 

 N 2 r 
≡ −H r N 

2 
r 

δρg 

ρ

= −H r 

N 

2 
r 

(1 + ε) 

δρg 

ρg0 
, (91) 

here ρ = ρg 0 (1 + ε) is the total density and ε = ρd / ρg 0 . This term
s identical to the buoyancy term in the pure gas momentum equation
 11 ) with N 

2 
r replaced by N 

2 
r / (1 + ε) given by ( 86 ). Note that an

qui v alent reduction of the v ertical buoyanc y frequenc y N 

2 
z occurs.

he reduced buoyanc y frequenc y is a result of dust loading and is
ot related to the (finite) coupling time τ between dust and gas. In
act, this reduction should be most severe for perfectly coupled dust
 τ → 0). 

.3.2 Effective compressibility of a dusty gas 

n the other hand, the sharp cut-off at larger wavenumbers k x of
OS growth rates, which is also seen in Fig. 3 (and Fig. 4 ), is a
onsequence of a finite coupling time between dust and gas. That
s, for τ → 0, the cut-of f v anishes (for both one-fluid and two-fluid
rowth rates) and the growth rates asymptotically approach those of 
he pure gas for large k x . Within the one-fluid model, we identify the
erm in the linearized radial and vertical momentum equations ( A25 )
nd ( A27 ): 

� F νb 
= i 

� k 
k 2 

1 + ε0 

ε0 τ
i ( k x δu + k z δw ) ≡ 1 

1 + ε0 

� ∇ 

[ 
νb 

(
� ∇ · δ� v 

)] 
(92) 

ith 

b ≡ 1 

k 2 

( 1 + ε0 ) 
2 

ε0 τ
(93) 

s the origin of the cut-off. This term stems from the second term
n equation ( A22 ) when using it to eliminate δP in the momentum
quations. It is the only term that contains the Stokes number τ in
he one-fluid momentum equations. 

The second equality in equation ( 92 ) shows that δ � F νb 
can be

oosely interpreted as a ‘bulk viscous’ stress with ‘bulk viscosity’ 
b . In standard fluid dynamics, bulk viscosity is associated with 
nergy losses due to finite compressibility. We, therefore, infer that 
he compressibility of a dust–gas mixture gives rise to an ef fecti ve
bulk viscosity’ of the single fluid, which damps the COS modes at
arge k x . It should be noted that the abo v e equations are not valid
MNRAS 522, 5892–5930 (2023) 
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Figure 7. Illustration of the rele v ant terms in the one-fluid model (Ap- 
pendix A ) that lead to a cut-off of the growth rates of linear COS modes 
at the critical radial wavenumber ( 87 ). The upper panel displays growth rates 
for three different vertical wavenumbers k z as indicated, with τ = 10 −2 , ε0 = 

0.03, β = 1, and N 

2 
r = −0 . 01 with H r = −0.5. The middle and bottom 

panels describe, respectively, the corresponding divergence of the center of 
mass velocity ( A2 ) and the forcing term ( 92 ), representing the damping 
due to an ef fecti ve ‘bulk viscosity’ ( 93 ), resulting from the non-vanishing 
compressibility of a dusty gas. In particular, while the ef fecti ve bulk viscosity 
( 93 ) decreases with increasing radial wave number k x , the velocity divergence 
∇ · � v increases sufficiently fast to o v ercompensate the former decrease and 
results in a damping effect. 
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n the limit of vanishing ε0 τ , which would otherwise result in a
ivergence of νb (see Appendix A ). 
For illustration, we plot in Fig. 7 COS growth rates, resulting

rom numerical solution of the linearized one-fluid equations ( A22 ),
 A24 )–( A28 ), with τ = 10 −2 , ε0 = 0.03 and β = 1, for three different
alues of k z as indicated. As already indicated in Fig. 4 , the one-fluid
rowth rates of the COS are practically identical to the corresponding
wo-fluid growth rates for the parameter values considered here. The
emaining panels show the magnitudes of the velocity divergence
 

� ∇ · δ� v | and the ‘viscous’ term | δ � F νb 
| , respectively, for the same

avenumbers. Thus, although νb decreases with increasing k x , the
ncrease in the magnitude of � ∇ · � v is o v er-compensating such that the
esulting ‘viscous’ term increases with k x . For the parameters used
n this figure the radial cut-off wavenumber ( 87 ) yields k x , cut-off ≈
.8 k z , in good agreement with the wavenumbers for which the drawn
rowth rates drop to ne gativ e values. 

.3.3 Effective cooling time of a dusty gas 

omplementary to our discussion at the end of Section 4.2.1 , and
lso in preparing our discussion of the DCOS in Section 4.3.4 , we
riefly consider the dynamical effect of dust on gas cooling. When
onsidering the one-fluid model, the presence of partially coupled
ust (i.e. ε0 τ > 0) gives rise to an effective cooling time ( A29 ) of the
usty gas. The full expression is fairly involved and depends on the
isc background structure through η, N 

2 
r , etc., and which enters the

ntropy equation in the one-fluid model ( A28 ). 
Adopting the same approximations as in Section 4.2.1 (i.e. β � 1

nd η = 0, N 

2 
z = 0, H 

−1 
z = 0, while N 

2 
r �= 0), the ef fecti ve cooling
NRAS 522, 5892–5930 (2023) 
ime is given by 

eff = 

[
1 

β
+ μ2 

z 

ε0 τN 

2 
r 

(1 + ε0 ) 2 

]−1 

. (94) 

otice that for k x → 0 and | N 

2 
r | � 1, the cooling mode growth rate

n the two-fluid model, as given by equation ( 88 ), is σ cool � −1/ βeff ,
.e. the standard cooling rate of a gas with a cooling time βeff . For
eneral wav enumbers, e xact agreement is not to be e xpected since
quation ( A28 ) describes the entropy evolution of the dusty fluid with
 elocity � v giv en by ( A2 ), rather than only the gas with velocity � v g . 

.3.4 The DCOS 

he occurrence of the DCOS – a dust-induced version of the COS
isco v ered here and described in Section 4.2.2 as well as Appendix D
can be explained within the one-fluid model as follows. We first

etermine that within the one-fluid model, the terms in the entropy
quation ( A12 ) that are necessary for its onset are the second ( ∝ 1/ H r )
nd fourth ( ∝ η) terms on the right hand side. The former term
escribes the advection of entropy resulting from the perturbation
elocities and is also necessary for the existence of the COS. The
atter term results from the equilibrium radial drift between dust and
as. 

By again considering the ef fecti ve cooling time within the one-
uid model ( A29 ) we now have 

eff = 

[
1 

β
+ i 

2 ητε0 k x 

(1 + ε0 ) 2 

]−1 

, (95) 

hich is complex. The background dust-induced gas drift transports
as density or entropy perturbations, which contributes to an ef fecti ve
ooling. Here we assume that k x � 1 (as also seen in Fig. 5 ), so that
e can neglect the buoyant contribution to βeff [cf. Equation ( 94 )]. 
In Appendix D , we provide a detailed explanation of the mecha-

ism underlying the DCOS. In short, the introduction of dust results
n a phase lag between the gas density perturbation and the gas
ooling term, induced by the imaginary part of ( 95 ), which requires
nite values of η, τ , ε0 and k x . This phase lag enhances the maximum
rowth rates of the COS, and at the same time shrinks the unstable
e gion in wav enumber space, resulting in the DCOS. The phase lag
ncreases with increasing values of β, τ and k x , and takes largest
alues if ε0 = 1. 

Returning to Fig. 5 , the bottom panel shows the maximum growth
ates in a pure gas subject to the cooling time ( 95 ), which indeed
argely reproduces the DCOS as seen in the top panel of the same
gure. The dashed curve delineating the DCOS (top panel) can be
btained as follows. As outlined in Appendix D , the optimal cooling
ime of the COS (and the DCOS) is given by | βeff | ∝ 1/ σ I , where

I denotes the frequency of pure gas inertial waves. In the adiabatic
imit β → ∞ we have σ I ≈ μz (Section 4.1.1 ). Using ( 95 ) we then
nd 

 z, DCOS = 

k 2 x √ 

( 1 + ε0 ) 4 

( 2 ητε0 ) 2 
− k 2 x 

. (96) 

lthough the DCOS clearly does not fit into the concept of RDIs (cf.
ection 3.2 ), the close resemblance to the resonant SI wavenumber
 67 ), which is also evident from Fig. 5 , is intriguing. This resem-
lance is a consequence of the similar criteria from which these
a vemumbers ha ve been derived. That is, in both cases quantities
hich are directly related to dust–gas drift are required to match the

requency of inertial waves. Moreover, since τ � 1 we have δu 0 ∼
2 ητ /(1 + ε0 ), such that for ε0 � 1 k z, DCOS becomes equal to ( 67 ).
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Figure 8. Illustration of the effect of radial buoyancy on the linear SI with ε0 = 0.1, τ = 10 −2 , η = 0.0025, N 

2 
r = 0 . 03, and H r = 0.16, such that the disc is 

conv ectiv ely stable. From left to right panels the cooling time β increases – as indicated – from the nearly isothermal limit β = 0.01 to the nearly adiabatic 
limit β = 1000. The strongest effect of radial buoyancy occurs at intermediate cooling times β ∼ 1, where the damping of the underlying (pure gas) inertial 
waves is strongest, as described by ( 75 ). This is also clearly seen in the pseudo-energy decomposition, which is computed for the resonant wavenumbers ( 65 ) 
and displayed as function of k z in the lower panels. On the other hand, SI growth rates in the adiabatic limit are nearly identical to those in the isothermal limit. 
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.4 SI in the presence of a finite cooling time 

n this section, we turn our attention to the SI and examine how
t is modified by gas buoyancy. Since the original SI of Youdin &
oodman ( 2005 ) is incompressible in the gas (i.e. δρg = 0), one may
 xpect buoyanc y to hav e a ne gligible ef fect. Ho we ver, we shall find
hat this need not be the case. We neglect vertical buoyancy N 

2 
z = 0

ith H 

−1 
z = 0. This is assumed to be the most rele v ant situation

ecause the SI is expected to operate in the disc mid-plane where the
ust settles, and where this condition applies. In general, ho we ver,
adial buoyancy may be present: N 

2 
r �= 0. 

Since the SI is powered by the radial and azimuthal equilibrium 

rift between gas and dust (cf. Fig. 5 ) one might expect the energy
quation to play little role on this instability. Indeed, in the limit of
mall and large cooling times β � 1 and β � 1, respectively, we 
nd no influence of radial buoyancy on linear SI modes. Ho we ver,
ot so at intermediate cooling times β ∼ 1, where we find a damping
ffect. Here we consider the case N 

2 
r > 0. If N 

2 
r < 0 the SI and the

OS can co-exist, which will be discussed in the next section. 
In Fig. 8 we compare SI growth rates in a disc with N 

2 
r = 0 . 03 for

0 = 0.1 and τ = 10 −2 and for different values of β. These parameter
alues will be motivated later in Section 6.1 . The plots show that the
I can be stabilized (i.e. its growth rates are reduced to negligible
alues) on an appreciable range of wavenumbers, depending on the 
alue of the cooling time β. For the parameters adopted here, the
astest growing SI modes are significantly suppressed if β ∼ 2. 

The dashed curves represent the resonant wavenumber of the SI 
iven by ( 65 ) with σ I given by ( 74 ), using the parameters specified
bo v e. In the isothermal limit, β → 0, the resonant wavenumber is
iven by ( 67 ). On the other hand, in the adiabatic limit β → ∞ we
ave σI = ±√ 

ξ , where in the current situation ξ = μ2 
z 

(
1 + N 

2 
r 

)
. In

his case we find 

 z, res = ± k 2 x �u 0 √ 

1 + N 

2 
r − �u 

2 
0 k 

2 
x 

, (97) 

hich is only marginally different from the isothermal case ( 67 )
n account of the dominance of disc rotation o v er radial buoyancy.
or general β equation ( 65 ) needs to be solved numerically, but
he deviations from the isothermal case are small. Nevertheless, 
umerical solutions are plotted as dashed curves in all panels of
ig. 8 . The plots in the lower panels describe the pseudo-energy
ecomposition of the modes along the resonant curves as a function of
 z . These curves confirm that buoyancy is the agent which suppresses
he resonant SI modes at intermediate cooling times. 

As noted in Section 3.2 the original RDI theory considered neutral
as waves. Cooling, ho we ver, not only af fects the frequency of
nertial wa ves, b ut also their growth (damping) rate, in the case
f an unstable (stable) stratification, as given by equation ( 75 ). In the
resent situation with N 

2 
r > 0 and N 

2 
z = 0, pure gas inertial waves are

amped. Ho we ver, in order for the SI to occur the same waves are to
e destabilized by relative dust–gas drift. Therefore, one may expect 
he SI to be inef fecti ve, or e ven suppressed if the corresponding pure
as inertial waves decay at a sufficiently large rate. 

In Fig. 9 , we illustrate this for the case β = 2. Here the dashed black
urve is the numerically computed SI growth rate for β = 2 (same
s in Fig. 8 ) for the resonant wavenumbers (dashed curve in Fig. 8 ),
umerically computed from ( 65 ), and plotted against the resonant
avenumber k z, res H 0 . The solid red curve describes the decay rate

ne gativ e growth rate) of an inertial wave ‘ σ IW 

R ’ computed using ( 75 )
or β = 2. This decay rate is also e v aluated for the same resonant
avenumbers. The solid blue curve is the numerically computed 
I growth rate for β = 10 −3 (essentialy isothermal), adopting the 
esonant wavenumbers ( 67 ). As explained above, the latter are
ractically identical to the resonant wavenumbers for β = 2. We 
xpect the SI to be damped on wavenumbers for which the decay
ate of the corresponding inertial wave surpasses the isothermal SI 
rowth rate. Thus, for β = 2, we expect the SI to be damped roughly
or k z H 0 � 100, which is in good agreement with the actual SI growth
ate for β = 2 which indeed rapidly drops for k z H 0 � 100. 

Furthermore, Fig. 10 displays resonant SI growth rates for varying 
 

2 
r (left panel with fixed ε0 = 0.01 and τ = 0.01), varying τ (middle

anel, with fixed N 

2 
r = 0 . 03 and ε0 = 0.01) and varying ε0 (right

anel, with fixed τ = 0.01 and N 

2 
r = 0 . 03). The solid black curve

n all panels describes the same case with ε0 = 0.01, τ = 0.01 and
MNRAS 522, 5892–5930 (2023) 
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Figure 9. Illustration of the damping mechanism of linear SI modes by radial 
buoyancy. Growth rates of resonant SI modes [i.e. those with wavenumbers 
fulfilling ( 65 )] of a non-isothermal dusty gas with β = 2 and N 

2 
r = 0 . 03 are 

displayed as dashed black curve (same as in Fig. 8 ). These are compared 
to corresponding resonant isothermal SI growth rates, drawn as blue solid 
curve. The difference between the two types of SI-modes is that in the non- 
isothermal case the underlying (pure gas) inertial waves are subject to buoyant 
damping (see the text and Section 4.1 ). The corresponding damping rate (for 
β = 2) is drawn as red solid curve. Once this damping rate exceeds the 
isothermal SI growth rates we expect the non-isothermal SI growth rate to 
vanish, as explained in the text, in good agreement with the displayed curves. 
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2 
r = 0 . 03. The dashed curves in the second and third panels are the

orresponding growth rates for N 

2 
r = 0. All curves assume β = 2.

hese plots show that as long as ε0 < 1, radial buoyancy may in
rinciple have a significant impact on SI growth rates. 
We note that we also performed calculations of the SI in the

resence of only vertical buoyancy. These reveal that a vertical
uoyancy N 

2 
z ∼ 0 . 1 is in principle able to stabilize SI modes on

ufficiently long length-scales, already at small cooling times β �
.05. That is, even if the disc is only slightly non-isothermal. In our
umerical examples, only modes with k z H 0 � 10 2 survive against
 ertical buoyanc y. Ho we ver , the SI is con v entionally e xpected to
perate in the mid-plane dust layer, where the gas-related vertical
uoyancy is small ( N 

2 
z � 1). Instead, a dust-related vertical buoy-

ncy, stemming from a vertical dust density gradient (Lin & Youdin
017 ), is expected to dominate the gaseous component close to the
id-plane. Ho we ver, as our model does not account for this dusty

omponent, the aforementioned results are unlikely of high rele v ance
nd are therefore not presented here. Instead, in Section 5.2.1 we
resent calculations of the effect of vertical buoyancy on the DSI,
hich can operate at distances from the mid-plane where the gaseous
 ertical buoyanc y is e xpected to be significant. 

.5 COS versus SI 

e briefly consider the co-existence of the linear COS and SI within
he disc mid-plane in the absence of vertical buoyancy. Fig. 11 (upper
anels) shows the contours of maximum growth rates of a dusty gas
ubject to both the COS and the SI. The lower panels display the
orresponding contours in absence of radial dust–gas drift ( η = 0)
nd show the behaviour of COS modes as discussed in Section 4.2.1 .
he first column compares different radial and vertical wavenumbers
ith fixed β = 1, ε0 = 0.3, and τ = 10 −2 . The remaining panels

onsider a fixed vertical wavenumber k z H 0 ∼ 1000. Generally, for k x 
 0 only the COS exists, while for radial wavenumbers approaching

he resonant wavenumber ( 65 ) the SI tends to dominate, depending
n the dust parameters. The dashed curve in each panel represents
NRAS 522, 5892–5930 (2023) 
quation ( 67 ), in each case solved for the quantity that is varied
long the vertical axis. As outlined in Section 4.4 , this is an excellent
pproximation for the resonant wavenumber in the presence of only
adial buoyancy. 

The second column compares different Stokes numbers τ with
xed β = 1 and ε0 = 0.3. For large values τ � 0.5 such that dust and
as are not tightly coupled the COS is largely suppressed in fa v our
f the SI. We also note that with increasing Stokes number the radial
ut-off wavenumber for COS modes is increasingly reduced by the
resence of the SI. This can be seen when comparing the upper and
ower panels. 

In the third column we compare different values of the dust-to-gas
atio ε0 with fixed β = 1 and τ = 10 −2 . As explained in Section 4.2.1 ,
n the tight coupling limit of dust and gas ( τ � 1) order unity values
f ε0 are required to significantly damp the COS. For such values of
0 the largest SI growth rates exceed the COS growth rates by several
rders of magnitude. For the parameter values adopted here the SI
rowth rates start to exceed the COS growth rates for ε0 ∼ 0.5. 
Finally, the fourth column compares different cooling times with

xed ε0 = 0.3 and τ = 10 −2 . The COS growth rates (represented
y the horizontal ‘branch’ extending to k x → 0) show the expected
symmetrical’ behaviour about the optimal cooling time β = 1, In
ddition, the SI (represented by the vertical ‘branch’ at k x H 0 ∼ 1000)
xperiences a slight ‘boost’, also in a symmetrical fashion about β =
 The latter effect can be understood in the same way as the damping
ffect on SI modes discussed in the previous section. In the case
 

2 
r < 0 pure gas inertial waves are subject to the COS and are thus

mplified. In the presence of dust, the same waves are resonantly
mplified through drag forces. Hence, the resulting growth rates are
arger than for a gas with N 

2 
r = 0, which are in turn larger than those

or a gas with N 

2 
r > 0 (cf. Fig. 9 ). The fact that the (resonant) SI

odes show almost no vertical dependence reflects the indepence
f the resonant wavenumber on β in this case. Moreover, the dust-
nduced version of the COS (the DCOS: see Section 4.2.2 ) appears
or cooling times β � 10 around k x H 0 ∼ 2000, with growth rates
arger than those of the SI and the classical COS. 

 ANALYSI S:  T H E  DSI  A N D  T H E  VSI  

ompared to our analysis in Section 4 , we now include vertical
hear ( q z �= 0), dust settling ( w d 0 �= 0), or both; which are generally
pplicable to locations off the disc mid-plane. We can thus expect
he occurrence of the DSI and the VSI in addition to SI and the
OS discussed abo v e. In the following, we will inv estigate the
onditions under which one or more of these instabilities are expected
o develop. In analogy to Section 4 , our focus lies on the effect of
uoyancy on the DSI, and the effect of dust on the VSI. Furthermore,
e will consider the interaction of the VSI and the DSI. By the

atter, we mean the effect of vertical shear on the DSI, as well as the
ffect of dust settling on the VSI. Table 3 summarizes the analyses
onsidered in this section and lists the rele v ant parameters involved
n each analysis. 

Unless otherwise stated, we adopt the fiducial values ε0 = 10 −3 

nd τ = 10 −2 for comparison with Krapp et al. ( 2020 ). Since dust
s expected to be concentrated near the mid-plane in a PPD, larger
eights should be more depleted of dust. 

.1 Pure gas, the VSI 

s in Section 4.1 , we first restrict to a pure gas and consider equations
 39 )–( 48 ) with ε0 = δρd = 0 yielding the dispersion relation 

σ 3 + σ 2 + β˜ ξσ + ̃  μ2 
z = 0 , (98) 
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Figure 10. Illustration of the effect of radial buoyancy on resonant linear SI growth rates [i.e. for those wavenumbers fulfilling ( 65 )] for different values of the 
dust prameters. Left panel: Dif ferent v alues of the radial buoyancy with fixed ε0 = 0.01 and τ = 0.01. middle panel: Different values of the particle Stokes 
number with fixed ε0 = 0.01 and N 

2 
r = 0 . 03. Right panel: Different values of the dust-to-gas ratio with fixed τ = 0.01 and N 

2 
r = 0 . 03. The dashed curves in 

the right panels are computed with N 

2 
r = 0. All plots assume η = 0.0025 and H r = 0.16. 

Figure 11. Illustration of the co-existence of the COS and the SI in a dusty gas subject to a radial buoyancy frequency N 

2 
r = −0 . 01 ( H r = −0.5) and a radial 

pressure gradient η = 0.0025. Presented are contours of growth rates for varying radial wavenumber k x . From left to right panels we consider varying vertical 
wavenumbers k z (with ε0 = 0.3, τ = 10 −2 , β = 1), varying Stokes number τ (with ε0 = 0.3, β = 1), varying dust-to-gas density ratio ε0 (with τ = 10 −2 , β = 

1), and varying cooling time β (with ε0 = 0.3, τ = 10 −2 ), respectively. In all panels apart from the first row we consider a fixed vertical wavenumber k z H 0 = 

1000. The bottom panels show the growth rates in absence of a radial pressure gradient η = 0, such that the SI is suppressed and the COS behaves as described 
in Section 4.2.1 . The dashed curve in each panel describes the resonant SI wavenumbers given by ( 65 ), solved for the quantity varied on the vertical axis in each 
panel, respectively. Note that in the upper right panel the DCOS appears for cooling times β � 10, with growth rates exceeding those of the SI and the COS (see 
Section 4.2.2 for details). 

Table 3. Overview of parameter-values used in the various analyses presented in this work. The upper row indicates the instabilities and the corresponding 
section in the paper. A value of H r / z = ∞ indicates that no entropy stratification exists in r / z-direction. 

VSI (gas) VSI (gas) DSI DSI VSI (gas + dust) DSSI COS + DSI 
Section 5.1.2 Section 5.1.3 Section 5.2.1 Section 5.2.2 Section 5.3.1 Section 5.3.2 + Section 5.3.3 Section 5.4 

β 0 > 0 > 0 > 0 0 0 > 0 
N 

2 
r 0 0 0 0 0 0 < 0 

H r ∞ ∞ ∞ ∞ ∞ ∞ < 0 
N 

2 
z 0 > 0 > 0 > 0 0 0 > 0 

H z ∞ < 0 < 0 < 0 ∞ ∞ < 0 
q z > 0 > 0 0 > 0 > 0 > 0 > 0 

ε0 0 0 > 0 > 0 > 0 > 0 > 0 
τ 0 0 > 0 > 0 > 0 > 0 > 0 
η [ ×10 −3 ] 0 0 1.0 1.0 1.0 0 1.0 
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Figure 12. Illustration of the co-existence of the COS and the VSI, away 
from the disc mid-plane at z 0 = h 0 . The parameters used in bioth panels are 
H r = −0.2, N 

2 
r = −0 . 01, and β = 1. The left and right panel considers a 

v ertical buoyanc y frequenc y N 

2 
z = 0 with 1/ H z = 0, and N 

2 
z = 0 . 28 with 

H z = −0.11, respectively. The plot in the left panel is somewhat inconsistent 
in that it assumes q z > 0 but N 

2 
z = 0. Nevertheless, it shows that the VSI is 

more strongly affected by vertical buoyancy than the COS, which is expected 
as the VSI possesses smaller v ertical wav enumbers k z than the COS for the 
same radial wavemumber k x . 
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here 

 = μ2 
z 

(
N 

2 
r − 2 ̃  q z 

)+ μ2 
x N 

2 
z − μx μz 

(
H r 

H z 

N 

2 
r + 

H z 

H r 

N 

2 
z 

)
, (99) 

˜ 2 z = −2 ̃  q z μ
2 
z , (100) 

˜ 
 z = q z 

μx 

μz 

− 1 

2 
, (101) 

ow including radial and vertical buoyancy, as well as vertical
hear, the latter parametrized through q z . Equation ( 98 ) general-
zes equation ( 70 ) with ξ → ξ − 2 q z k x k z /k 2 ≡ ˜ ξ and μ2 

z → μ2 
z −

 q z k x k z /k 
2 ≡ ˜ μ2 

z . Hence, the gas can be subject to both the COS and
he VSI. 

.1.1 Solberg-Høiland criteria 

efore we focus on the VSI, for completion we briefly derive the
onditions for stability in the adiabatic limit β → ∞ . In this limit
he dispersion relation ( 98 ) yields 

2 + ̃

 ξ = 0 , (102) 

uch that stability affords ̃  ξ ≥ 0. Using equation ( 99 ), this condition
an be written as the quadratic form 

μx 

μz 

)T 

· ̂ A ·
(

μx 

μz 

)
≥ 0 (103) 

ith 

̂ 
 = 

⎛ ⎝ 

N 

2 
z − 1 

2 

(
H r 

H z 
N 

2 
r + 

H z 

H r 
N 

2 
z 

)
− q z 

− 1 
2 

(
H r 

H z 
N 

2 
r + 

H z 

H r 
N 

2 
z 

)
− q z 1 + N 

2 
r 

⎞ ⎠ . 

(104) 

tability for all wavenumbers μx , μz is assured if the two eigenvalues
f ̂ A are real and positive. Using ( 5 ) and ( 6 ) and ( 8 ) and ( 9 ), these
wo conditions result in the two criteria 

 − 1 

γρg 

(
∂ P 

∂ r 

∂ S 

∂ r 
+ 

∂ P 

∂ z 

∂ S 

∂ z 

)
> 0 , (105) 

− ∂ P 

∂ z 

(
∂ S 

∂ z 
− 2 q z 

∂ S 

∂ r 

)
> 0 , (106) 
NRAS 522, 5892–5930 (2023) 
.e. the Solberg-Høiland criteria (Tassoul 1978 ). 

.1.2 Isothermal VSI 

n the isothermal limit β → 0, we directly find from ( 98 ): 

VSI,iso = ±μz 

√ 

2 ̃  q z , (107) 

hich corresponds to 6 Equation ( 13 ) of Latter & Papaloizou ( 2018 ).
hus, modes with ̃  q z > 0, or k x > k z /(2 q z ), are growing and, since the
tabilizing effect of rotation is eliminated by vertical shear, lacking
 restoring force and are hence non-oscillatory. Modes with smaller
 x are purely oscillatory since the stabilizing effect of rotation still
ominates for these modes (cf. Fig. B1 , lower left panel). Since | q z |

1, growing modes have k x � k z . 

.1.3 Effect of vertical buoyancy and cooling 

e now consider buoyancy effects on the VSI. We find from the
umerical solution of ( 98 ) that radial buoyancy has negligible effects
n the VSI. This can be expected since in Section 4.1 we have
hown that radial buoyancy mainly affects modes with k x < k z and
ince N 

2 
z � | N 

2 
r | off of the disc mid-plane. Furthermore, even if

 

2 
r < 0, the COS and the VSI would not o v erlap in wav enumber

pace for typical disc parameters 7 Hence, we will focus here on
he VSI including the effect of vertical buoyancy. For completeness,
ig. 12 shows example growth rates of the COS and the VSI for gas
ithout (left panel) and with (right panel) vertical buoyancy. 
In what follows, we set N 

2 
r → 0 and H r → ∞ such that H r N 

2 
r →

. Then 

 → ˜ μ2 
z + μ2 

x N 

2 
z . 

he full effect of v ertical buoyanc y is realized in the adiabatic limit
→ ∞ , where we find 

VSI,adiab = ±μz 

√ 

2 ̃  q z − μ2 
x 

μ2 
z 

N 

2 
z . (108) 

ne can easily show that this expression remains imaginary if N 

2 
z >

 

2 
z , which is expected to be the case under normal conditions. Hence,
he VSI is fully stabilized by vertical buoyancy in the adiabatic limit.
his can be explained through the increased restoring force on verti-
al gas motions induced by v ertical buoyanc y. This result holds also in
ore realistic vertically stratified disc models (Lin & Youdin 2015 ).
If we now consider a small but finite cooling time β � 1, we can

ssume a series solution 

= σ0 + σ1 β + σ2 β
2 + . . . . 

nserting the series into ( 98 ) and solving the latter equation order by
rder in β yields 

σVSI = ±μz 

√ 

2 ̃  q z − 1 

2 
μ2 

x N 

2 
z β + O 

(
β2 
)
, (109) 

.e. the isothermal VSI modes with an additional damping term due
o v ertical buoyanc y, since N 

2 
z > 0. Note that this damping term is

dentical to the damping term by vertical buoyancy on COS modes
equation ( 80 )] 
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Figure 13. VSI growth rates for different values of the cooling time β with 
v ertical buoyanc y frequenc y N 

2 
z = 0 . 28 with H z = −0.11 and fixed k z H 0 = 

100, numerically obtained from ( 98 ), drawn as solid curves. The open circles 
represent the perturbation formula ( 109 ). For the curves with β ≥ 1, the latter 
incorrectly predicts a damping for all k x . 
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8 For practical reasons this is not shown here, since with decreasing k x the 
required resolution increases substantially in order to properly resolve the 
ev er-shrinking re gion of unstable modes. 
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It is worth noticing that the onset condition for the VSI 

 

 z > 0 (110) 

olds independently of the values of N 

2 
z and β as long as β is finite.

ince the dispersion relation ( 98 ) is a cubic with real coefficients and
> 0, there exists a real, positive solution for σ if the constant term

s ne gativ e, i.e. ̃  μ2 
z < 0, which translates to the abo v e condition. This

iffers from the semi-global analysis carried out by Lin & Youdin 
 2015 ), where there exists a critical cooling time beyond which small- 
 x VSI modes are formally stabilized. Nevertheless, the VSI growth 
ates are strongly affected by the cooling rate 1/ β, which is illustrated
n Fig. 13 . 

.2 DSI in the presence of a finite cooling time and vertical 
hear 

e now include dust. In this case, the DSI is expected to become
mportant at heights � h 0 H 0 away from the disc mid-plane, where
ust settling becomes significant (Squire & Hopkins 2018 ; see 
lso Section 3.2.2 ). The isothermal DSI without vertical shear was 
onsidered by Krapp et al. ( 2020 ). Ho we ver, in a disc subject
o a finite cooling time, vertical buoyancy should be operating 
ff of the disc mid-plane. In addition, vertical shear is generally 
resent, depending on the radial temperature stratification in the 
isc. Therefore we first investigate the effect of vertical buoyancy on 
he DSI in Section 5.2.1 . In Section 5.2.2 we consider the effect of
ertical shear. 

.2.1 Effect of vertical buoyancy 

n this section, we consider the effect of vertical buoyancy on the DSI. 
ere we omit radial buoyancy and vertical shear, i.e. H 

−1 
r = N 

2 
r = 0

such that H r N 

2 
r = 0) and q z = 0. 

Fig. 14 shows contours of DSI growth rates in the presence of
 ertical buoyanc y for increasing gas cooling time β from left to
ight panels. The leftmost panel, corresponding to the isothermal 
imit, agrees well with fig. 1 in Krapp et al. ( 2020 ). The value
 

2 
z = 0 . 28 corresponds to ( 62 ) e v aluated at z 0 = H 0 . We find (as
 xpected) that v ertical buoyanc y has a mitigating effect on the DSI,
s with increasing cooling time all modes are increasingly damped, 
part from some modes that closely fulfil the RDI condition for
nertial waves with positive frequency σ I > 0, described by the upper
esonant ‘branch’ [i.e. the upper dashed curve: cf. Equation ( 68 )].
n the other hand, modes along the lower dashed curve, fulfilling

he RDI condition for inertial waves with negative frequency σ I < 0
re ef fecti v ely damped by v ertical buoyanc y. 

In addition, we also find instability associated with cooling modes, 
hich have σ I = 0. The corresponding RDI condition yields k z ∝ k x 

or the most unstable modes [see equations ( 65 ) and ( 69 ), noting that
 u 0 ≤ 0]. These are represented by the dashed straight line in all

anels, but this instability is most easily identified in the adiabatic
imit ( β = 10 3 ) as the middle ‘branch’, albeit with substantially
maller growth rates than the upper ‘branch’. In the absence of dust,
he cooling modes typically have a small decay rate σ R ∼ −10 −3 (cf.
ppendix B ); but are now rendered weakly unstable via resonance
ith the background dust–gas drift. 
The lower panels in Fig. 14 show the pseudo-energy decomposi- 

ion (Section 2.5 ) along the upper resonant curve. These plots confirm 

hat the DSI is (as its name suggests) primarily driven by vertical
ust settling (the red curve), and to a small amount by radial dust–
as drift (the blue curve). The damping due to vertical buoyancy is
escribed by the magenta curve. Interestingly, and in stark contrast 
o the SI (Fig. 8 ), the resonant DSI modes are not subject to any
otable damping due to dust–gas drag. Ho we ver, for small radial
avelengths k x H 0 � 100 the modes become increasingly powered 
y radial drift and decreasingly powered by dust settling. Also, the
nstable region increasingly shrinks around the resonant curve for 
ecreasing k x . Eventually, for k x → 0 the contributions due to radial
rift and settling drop and the instability disappears. 8 

In the following, we derive a simplified model for the DSI which
llows us to present an analytical expression for its linear growth
ate and to better understand the effect of vertical buoyancy on this
nstability in the limit of long cooling times β � 1. 

We start with the complete set of linearized two-fluid equations 
 39 )–( 46 ) as well as the pressure perturbation ( 48 ). Although the
SI modes are powered by both radial and vertical drift (cf. Fig. 14 ),

he latter is dominant. To ease the analysis we, therefore, neglect
adial drift by setting the radial pressure gradient η = 0. Using our
ducial parameters we find by numerical experiment that the drag 
orce terms (radial, azimuthal, and vertical) from the dust onto the
as do not alter the DSI growth rates and can hence be neglected
or this analysis. This neglect is most likely invalid for order unity
ust-to-gas ratios ε0 . Ho we ver, we assume that ε0 � 1 in regions
here the settling velocity w d 0 of small dust grains is dynamically

ele v ant. Thus, we consider the following set of equations: 

δu g = 2 μ2 
z δv g + μx μz 

(
H z N 

2 
z δρg − w d0 

τ
δρd 

)
, (111) 

δv g = −1 

2 
δu g , (112) 

δρg = − 1 

β
δρg − k x 

k z 

1 

H z 

δu g , (113) 

δu d = 2 δv d − 1 

τ

(
δu d − δu g 

)− ik z w d0 δu d , (114) 

δv d = −1 
δu d − 1 (

δv d − δv g 
)− ik z w d0 δv d , (115) 
MNRAS 522, 5892–5930 (2023) 

art/stad1349_f13.eps


5912 M. Lehmann and M.-K. Lin 

M

Figure 14. Effect of v ertical buoyanc y N 

2 
z = 0 . 28 with H z = −0.11 on the DSI (its linear growth rates σR ) with increasing cooling time β from left to right 

panels and with η = 10 −3 , ε0 = 10 −3 , and τ = 10 −2 . Apart from some modes that closely follow the upper and middle resonant ‘branches’ (i.e. the upper and 
middle dashed curves, see Section 3.2 ), the instability is increasingly damped with increasing β. The lower panels show the pseudo-energy decomposition along 
the upper resonant branch. For display purpose (see the text) the energy decomposition is shown only for k x H 0 > 10. The energy decomposition also confirms 
that the DSI is mainly powered by vertical dust settling, and to a small extent by radial dust–gas drift. 
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Figure 15. The effect of v ertical buoyanc y on linear DSI growth rates in 
the adiabatic limit β → ∞ , resulting from the analytical expression ( 119 ) 
(lower panels) and the numerical solution of the full eigenvalue problem ( 49 ) 
with η = 0 (upper panels). From left to right panels the vertical buoyancy 
frequency N 

2 
z is increased as indicated, with H z = −0.11 in all cases. The 

dashed curves describe the resonant wavenumbers ( 126 ). As seen from the 
plots, and as also derived in Appendix E , with increasing vertical buoyancy 
the unstable region in wavenumber space shrinks and concentrates around the 
resonant wavenumbers. Interestingly, the maximum growth rate of the modes 
is independent of N 

2 
z and is given by ( 129 ). The agreement between the 

full numerical solution and our reduced model is excellent, apart from some 
modes with negligible growth rates appearing in the full numerical solution. 
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δw d = − 1 

τ

(
δw d + 

k x 

k z 
δu g 

)
− ik z w d0 δw d , (116) 

δρd = −i ε0 ( k x δu d + k z δw d ) − i k z w d0 δρd . (117) 

otice that buoyancy only enters the problem via the product H z δρg 

nd N 

2 
z . 

In Appendix E we show that the linear growth rate of the DSI
esulting from abo v e equations in the adiabatic limit β → ∞ and
ssuming | στ | � 1 and | a d , z τ | � 1, where 

 d,z = k z w d0 , (118) 

hich describes vertical dust advection, reads 

σR, DSI = 

2 
2 
3 
√ 

3 

12 
χ

1 
3 

⎡ ⎣ 1 − C (
χ

2 

) 2 
3 

⎤ ⎦ , (119) 

ith 

= A + 

√ 

| B| , (120) 

 = a d,z 

[
27 ε0 μ

2 
x + 18 

(
μ2 

z + μ2 
x N 

2 
z 

)− 2 a 2 d,z 

]
, (121) 

 = A 

2 − 4 C 

3 ≤ 0 , (122) 

 = 3 
(
μ2 

z + μ2 
x N 

2 
z 

)+ a 2 d,z . (123) 

t is also shown that if B ≥ 0 then generally σ R , DSI = 0. 
Fig. 15 compares growth rates of the DSI in the adiabatic limit

esulting from numerical solution of the full eigenvalue problem
ith η = 0 (upper panels) with those resulting from ( 119 ), drawn in

he lower panels. From left to right different values of the vertical
uoyanc y frequenc y N z are compared, the smallest being vanishing
uoyancy, and the largest being the fiducial value. The agreement
s excellent, apart from some modes with subdominant growth
NRAS 522, 5892–5930 (2023) 
ates which are present in the full solution, showing that the terms
eglected in ( 111 )–( 117 ) indeed have no significant effect on the DSI
rowth rates. Similar as in Fig. 14 (where η > 0) with increasing
ooling time β, we find here that with increasing N 

2 
z the unstable

egion shrinks and becomes increasingly concentrated around the
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Figure 16. Same as Fig. 14 , but now including vertical shear q z = 0.05. In contrast to Fig. 14 , here we plot the pseudo-energies along the lower resonant 
‘branch’ (i.e. the lower dashed curves in the upper panels), the latter experiencing amplification by vertical shear, whereas the upper ‘branch’ is slightly damped, 
which can be seen by comparison with Fig. 14 . The adiabatic limit with vertical shear clearly reveals the three distinct resonant branches of the DSI (cf. Section 
3.2.2 ), as all non-resonant modes are ef fecti vely damped by vertical buoyancy. 
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esonant wavenumber, indicated by the dashed curve. Interestingly, 
he growth rate of the resonant modes is not affected by buoyancy,
ee below. 

The drawn resonant wavenumber follows from ( 65 ) using 

 � v = τz 0 � e z , (124) 

I = 

√ 

μ2 
z + N 

2 
z μ

2 
x , (125) 

nd reads 9 

 z, res = 

√ 

1 − k 2 x τ
2 z 2 0 

2 τ 2 z 2 0 

+ 

1 

2 τ 2 z 2 0 

√ (
k 2 x τ

2 z 2 0 − 1 
)2 + 4 τ 2 z 2 0 N 

2 
z k 

2 
x . 

(126) 

s seen in Fig. 15 , the resonant wavenumber settles on two distinct
alues for k x � 1/( τz 0 ) and k x � 1/( τz 0 ), respectively, both of which
an be obtained from ( 126 ). The former limit reads 

 z, res ≈ 1 

τz 0 
. (127) 

n the other hand, for large radial wavenumbers k x � 1/( τz 0 ) we
ave 

k z, res ≈ N z 

τz 0 
. (128) 

Note that the resonant ‘branch’ in Fig. 15 corresponds to the 
pper ‘branch’ in Fig. 14 . The remaining branches do not appear
n Fig. 15 , since there we consider the adiabatic limit, such that the
ooling mode is non-existent (eliminating the middle ‘branch’), and 
eglect radial drift (which eliminates the lower ‘branch’). When 
omparing the adiabatic case in Fig. 14 (right panel) with the 
qui v alent case of Fig. 15 (right panel), one may conclude that
 Since we only consider positive values of k x and k z we discard the ne gativ e 
oot. 

5

W  

t  
adial drift (which is absent in the latter) has a major impact on
he unstable (resonant) wavenumbers, which substantially deviate 
etween the two figures for large k x . This appears to contradict the
ropping energy contribution related to radial drift, as seen in the
ower panel in Fig. 14 . This can be explained as follows. The energy
ecomposition as constructed in Section 2.5 corresponds to the real 
art of the pseudo-energy. Therefore, it measures the energies that 
etermine the growth rates of the linear modes. When taking the
maginary part instead, one retains the energies that determine the 
scillation frequencies of the modes. Indeed, when inspecting the 
atter we find (not shown) that the contribution due to radial drift
ecomes substantial for large k x , explaining its large impact on the
nstable wavenumbers in Fig. 14 . 
Furthermore, it is worth noting that in the limit of vanishing vertical

uoyancy N 

2 
z → 0 we have k z, res → 0 for large k x . According to the

DI theory, we expect the largest growth rates of the DSI to occur
t the resonant wavenumbers. Ho we ver, the gro wth rate of the DSI
rops to zero in the limit k z → 0. This can be seen from ( 119 ) using
 = 0 and hence χ = 4 C 

3 > 0, which readily yields σ DSI = 0.
hus, for N 

2 
z = 0, small v ertical wav enumber modes are no longer

lassified as RDIs. 
In Appendix E , we show in the limit of large radial wavenumbers

 x � k z that with increasing N 

2 
z the region in k z -space within which

he DSI exists becomes increasingly small and indeed converges to 
 128 ). The growth rate in this limit is found to be 

R, DSI = 

√ 

ε0 

2 
, at k z = 

N z 

τz 0 
(129) 

hich is indeed independent of N z (and also τ ) and yields σ R , DSI =
.022 for ε0 = 10 −3 in good agreement with the numerical result. 

.2.2 Effect of vertical shear 

e find under general conditions the effect of vertical shear on
he DSI to be complex. This is not necessarily surprising, as the
MNRAS 522, 5892–5930 (2023) 
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SI and the VSI, both of which should be operating, o v erlap in
avenumber space (cf. Figs 12 and 14 ). Fig. 16 , which we discuss in

he following, is equivalent to Fig. 14 , with the difference that in the
ormer we include vertical shear with q z = 0.05. While some modes
ith smaller k z (including those on the upper resonant ‘branch’) are
ow damped, modes along the lower resonant ‘branch’ appear to be
lightly amplified by vertical shear at larger cooling times β � 1.
his amplification is confirmed by the energy-decomposition, now
rawn along the lower resonant ‘branch’, as displayed in the lower
anels. Particularly, for the case with a small cooling time β = 0.001
he energy contribution by vertical shear even exceeds the one by
ust settling for radial wavenumbers k x H 0 � 1000, suggesting that
he corresponding modes constitute a dusty VSI, rather than the DSI

odified by vertical shear. Indeed, in Section 5.3.2 we will show (in
bsence of a radial pressure gradient η = 0) that dust settling and
ertical shear in combination result in an augmented version of the
SI. 
We note that in the isothermal limit β � 1, pure gas inertial waves,

s considered in this section, are subject to the VSI, such that their
igenv alues are gi ven by ( 107 ) and become purely real-valued for˜ 
 z ≥ 0. These non-oscillatory modes are either growing or decaying.
herefore, the lower branch (which requires the existence of pure
as waves with negative frequency) vanishes in this limit, and the
SI formally (according to the RDI concept) cannot exist for radial
avenumbers k x > min[ − ( w d 0 / � u 0 ) k z , k z /(2 q z )], as given by ( 69 )

nd ( 110 ), respectiv ely. F or the parameter values used here, the latter
alue is slightly smaller. Thus, we conclude that the modes with k x 
 k z /(2 q z ) (including those on the dashed straight line) in the left

anel are not the DSI, but rather a modified (damped) VSI. Ho we ver,
or larger cooling times β � 1 waves with positive and negative
requencies exist also for k x > k z /(2 q z ), exceeding the VSI threshold
see Appendix B for an explanation). This explains the occurrence
f the lower resonant branch for cooling times β � 1. 

.3 VSI in the presence of dust 

n this section, we investigate the effect of dust on the VSI modes
escribed in Section 5.1 . Here we will consider the isothermal limit,
uch that the energy equation can be omitted. The effect of buoyancy
n VSI modes has been described in Section 5.1 . It should be noted at
his point that v ertical buoyanc y resulting from a (vertically) stratified
ust layer near the disc mid-plane, which has a mitigating effect on
he VSI (Lin & Youdin 2017 ), is not accounted for in our local

odel. This mitigation is most ef fecti ve for perfectly coupled dust
 τ → 0). Instead, here we study the effect of dust–gas drift on the
SI, which requires τ > 0. It turns out that while radial dust–gas
rift (stemming from a radial pressure gradient) has a damping effect,
ertical drift (due to dust settling) has an amplifying one. Drag forces
n the perturbed state are also accounted for, which are in fact critical
n the following analysis. 

.3.1 Effect of radial dust–gas drift close to the disc mid-plane: 
usty damping of the VSI 

e consider a sheet of the disc close to the mid-plane such that q z >
, but dust-settling w d 0 is negligible as compared to radial dust–gas
rift. That is, 

| �w 0 | � | �u 0 | . 
sing equations ( 20 ), ( 23 ), and ( 25 ) with τ � 1 and η ∼ h 

2 
0 , and

eglecting the small contribution from vertical shear q z , we find the
NRAS 522, 5892–5930 (2023) 
ondition 

 0 � h 

2 
0 , 

r z 0 � h 0 H 0 in dimensional terms. 
Based on numerical experimentation, we find that dust–gas drift

erms involving dust-density variations (which are responsible
or the SI) are negligible as long as ε0 � 1, and are discarded.
o we v er, radial adv ection terms [the terms ∝ u g 0 in equations

 39 )–( 42 ) and ∝ u d 0 in equations ( 43 )–( 46 )], which also describe
adial dust–gas drift, are kept. This setup allows us to study the
amping effect of radial dust–gas drift, which mainly stems from
he radial pressure gradient η on the VSI. We, therefore, consider
he following reduced set of equations: (
σ + ik x u g0 

)
δu g = 2 μ2 

z δv g + 

ε0 

τ

(
δu d − δu g 

)
, 

− ε0 

τ

(
μ2 

x δu d + μx μz δw d 

)
, (130) 

(
σ + ik x u g0 

)
δv g = 

ε0 

τ

(
δv d − δv g 

)+ 

(
q z 

k x 

k z 
− 1 

2 

)
δu g , (131) 

( σ + ik x u d0 ) δu d = 2 δv d − 1 

τ

(
δu d − δu g 

)
, (132) 

( σ + ik x u d0 ) δv d = −1 

2 
δu d − q z δw d − 1 

τ

(
δv d − δv g 

)
, (133) 

here we used ( 48 ) to replace the pressure perturbation in ( 130 ). 
In Appendix F , we use the abo v e equations and the approximation

0 � 1 to derive the approximate eigenvalue of the (growing) dusty
SI mode: 

= μz 

√ 

2 ̃  q z −
ε0 τ a 2 d,x (

1 + a 2 d,x τ
2 
) − i 

ε0 a d,x (
1 + a 2 d,x τ

2 
)

≈ μz 

√ 

2 ̃  q z − ε0 τ a 2 d,x − iε0 a d,x , (134) 

here the last equality is a good approximation (with relative error
 10 −2 ) for k x H 0 � 10 4 , and where 

 d,x = k x u d0 (135) 

escribes the radial advection of dust with the equilibrium velocity
 d 0 , [given by ( 23 )] and therefore, as e xplained abo v e (see also
ppendix F ), radial dust–gas drift. Thus, compared to the pure gas

ase, radial dust–gas drift results (via dust–gas drag) in a damping of
SI modes. Furthermore, it induces a finite frequency of the modes

also via drag). 
Fig. 17 shows the damping of the VSI due to radial dust–gas drift

t z 0 ≈ 0.03 H 0 , by comparing linear VSI growth rates of a pure gas
left panel) with those following from the numerical solution of the
ull eigenvalue problem, where only dust-settling has been neglected
middle panel) and the results using equation ( 134 ) in the right panel.
he plots correspond to β = 0.001 (quasi-isothermal), η = 0.001,
0 = 0.01, τ = 0.004 and q z = 0.0016. The latter value corresponds
o a height z 0 ∼ h 0 H 0 (cf. Section 2.6 ). The dashed lines trace the
sothermal VSI criterion ( 110 ) in all panels. The second dashed curve
n the middle panel represents the resonant SI wav enumbers, giv en by 

 z, res = 

q z k x 

1 − k 2 x �u 

2 
0 

⎡ ⎣ 1 + 

√ 

1 + 

k 2 x �u 

2 
0 

(
1 − k 2 x �u 

2 
0 

)
q 2 z 

⎤ ⎦ , (136) 

hich follows from ( 65 ) using ( 107 ) with ̃  q z < 0 In the limit q z →
, equation ( 136 ) is identical to ( 67 ). For the value of q z = 0.0016
he difference to the latter is negligible. The energy decomposition
bottom panel), which is drawn for fixed k z H 0 = 10 (indicated by the
ashed horizontal line) confirms that for a small value ε0 = 0.03 the
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Figure 17. Illustration of the damping of linear VSI modes due to radial dust–gas drift, stemming ef fecti vely from the equilibrium advection of dust with radial 
velocity u d 0 in equations ( 132 ) and ( 133 ). Compared are VSI growth rates of a pure gas (left panel) with those resulting from numerical solution of ( 49 ), where 
dust settling has been neglected (middle panel) and the analytical expression ( 134 ), resulting from the reduced model derived in Appendix F . The parameters 
used for these plots are η = 0.001, ε0 = 0.01, τ = 0.004 and q z = 0.0016. The latter value corresponds to the vertical shear at a height z 0 = ∼h 0 H 0 (cf. Section 
2.6 ). The dashed curves in all panels trace the VSI threshold ( 110 ). The additional dashed curve in the middle panel represents the resonant SI wavenumbers 
( 136 ). The lower panel displays the pseudo-energy decomposition (Section 2.5 ) for fixed k z H 0 = 20 (indicated by the dashed horizontal line), showing that 
damping of the VSI is dominated by drag forces, as explained in the text. 

Figure 18. Growth rates of the VSI, similar to those described in Fig. 17 , 
but now for varying Stokes number τ with fixed ε0 = 0.01 (upper panels) 
and varying dust-to-gas ratio ε0 and fixed τ = 0.004 (lower panels). All plots 
consider a fixed k z H 0 = 10 and adopt η = 0.001 and q z = 0.0016. The latter 
value corresponds to the vertical shear at a height z 0 ∼ h 0 H 0 (cf. Section 2.6 ). 
The left and right panels describe numerically obtained growth rates and those 
resulting from ( 134 ), respectively. The reduced model (Appendix F ) turns out 
to be valid for ε0 < 1. For larger values, the neglected terms in reduced model 
equations involving dust density perturbations become significant and the SI 
starts to repress the VSI. The dashed curves in the left panels are the resonant 
SI wavenumbers, resulting from ( 136 ). 
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ust–gas drift contribution that is related to dust density perturbations 
s sub-dominant, justifying its neglect in the reduced model. 

Instead, most of the damping occurs through the drag-force terms 
 ( δ� v d − δ� v g ) (Section 2.5 ). Note that the difference in the dust and

as adv ection v elocities (here ∝ a d , x , since the gas drift a g,x ∝ ε0 a d,x 

s neglected because ε0 � 1), which also describes radial dust–gas 
rift as explained above, eventually contributes via the drag terms. In-
eed, by switching off the radial advection terms in the full numerical
olution one essentially reco v ers the pure gas VSI, with a negligible
mount of drag-related damping. If ε0 � 1 dust density perturbations 
re no longer negligible, and the approximation breaks down. 

This is further illustrated in Fig. 18 , where we show numerically
btained growth rates of the dusty VSI for varying τ (top panel) and
0 (bottom panel) and fixed k z H 0 = 100. These are again compared
o those resulting from ( 134 ). Interestingly, the damping of the VSI
ppears to be nearly independent of ε0 for ε0 < 1. On the other hand,
or ε0 � 1 the VSI is o v erwhelmed by the SI, which the reduced model
ails to describe. The dependence on τ in the upper panel shows a
lear decrease of the unstable region in k x -space. This decrease is
ccurately captured by the reduced model equation ( 134 ). 

.3.2 Effect of vertical dust settling away from the disc mid-plane: 
he DSSI 

e now consider typical heights z 0 ∼ H 0 away from the disc mid-
lane such that the settling of dust becomes dominant o v er radial
ust–gas drift. At the same time, for simplicity, we omit radial and
zimuthal dust–gas drift ( η = 0). The radial and azimuthal drift
nduced by dust settling in combination with vertical shear [cf. 
quations ( 23 ) and ( 22 )] is very small and can be neglected for
ur purposes. Furthermore, since the problem considered here is 
MNRAS 522, 5892–5930 (2023) 
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Figure 19. Illustration of the DSSI, a combination of the VSI and the DSI. The left panel shows the isothermal pure gas VSI growth rates, obtained from 

numerical solution of ( 70 ) with q z = 0.05 and β = 10 −3 (quasi-isothermal) and at (scaled) distance z 0 = h 0 away from the disc mid-plane. The second panel 
sho ws gro wth rates of a dusty gas resulting from numerical solution of ( 49 ) with aforementioned parameter v alues, τ = 10 −2 , ε0 = 10 −3 and η = 0 (no radial 
pressure gradient). The third panel describes growth rates resulting from the analytical expression ( G7 ), in very good agreement with the numerically obtained 
values. The plots clearly show how dust settling amplifies the pure gas VSI growth rates. This is confirmed by the pseudo-energy decomposition of the modes, 
shown in the bottom panel for fixed k z H 0 = 100. The DSSI modes here are subject to very little damping by dust. This is in contrast to the situation with η �= 0, 
where the DSSI is substantially suppressed (see Fig. 16 ). 
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Figure 20. Linear growth rates of the DSSI in the limit k z → 0, obtained 
from numerical solution of ( 49 ) with q z = 0.05, η = 0 and β = 10 −3 

(quasi-isothermal) are displayed as solid curves for dif ferent v alues of τ
and ε0 . The circles describe corresponding growth rates resulting from 

the analytical expression ( 143 ), which is derived from a reduced model in 
Appendix G2 . The agreement is generally excellent for Stokes numbers τ � 

10 −1 and k x H 0 � 1000. 
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ery similar to the one of the DSI in Section 5.2.1 , we again neglect
adial and azimuthal drag force terms from the dust onto the gas. The
ifference to the problem in Section 5.2.1 is that here we consider
he isothermal limit instead of the adiabatic limit and include vertical
hear rather than vertical buoyancy. 

Thus, we have 

δu g = 2 μ2 
z δv g − μx μz 

w d0 

τ
δρd , (137) 

δv g = 

ε0 

τ

(
δv d − δv g 

)+ ̃

 q z δu g , (138) 

( σ + ik z w d0 ) δu d = 2 δv d − 1 

τ

(
δu d − δu g 

)
, (139) 

( σ + ik z w d0 ) δv d = −1 

2 
δu d − q z δw d − 1 

τ

(
δv d − δv g 

)
, (140) 

( σ + ik z w d0 ) δρd = −iε0 ( k x δu d + k z δw d ) . (141) 

In Appendix G we derive (by assuming | στ | � 1 and | a d , z τ | �
) the approximate cubic dispersion relation 

3 + ik z w d0 σ
2 − 2 μ2 

z ̃  q z σ − 2 i 
(
ε0 μ

2 
x + μ2 

z 

)
k z w d0 ̃  q z = 0 , (142) 

s well as an analytic expression for the growth rate of the VSI mode
esulting from ( 142 ), which is given by equation ( G7 ). 

Fig. 19 compares contours of the analytic growth rate ( G7 ) (right
anel) with those obtained using the full eigenvalue problem with
= 0 and β = 10 −3 (essentially isothermal, middle panel) and those

f a pure gas (left panel). Small deviations occur between the growth
ates in the middle and right panel for large k z � 10 4 since we
ssumed | a d , z τ | � 1 in our deri v ation. The energy decomposition
lower panel) for k z H 0 = 100 (indicated by the dashed horizontal line)
eveals that the growing modes are powered by vertical shear as well
s dust settling, in contrast to the pure gas case. We thus refer to this
nstability as the Dust Settling Shearing Instability (DSSI). Indeed,
NRAS 522, 5892–5930 (2023) 
he resulting growth rates of the DSSI are substantially larger than
hose of the pure gas VSI. The VSI threshold ̃  q z = 0 is delineated by
 dashed line in all panels. 

Note that the DSSI is not an RDI. Since here η = 0 we have � u 0 ≈
 τ 3 q z z 0 > 0, following from equations ( 20 ) and ( 23 ). Thus, the RDI
ondition, which in the present case reads k x � u 0 + k z w d 0 = 0 (since
he pure gas frequency following from ( 107 ) vanishes for ˜ q z > 0),
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Figure 21. Illustration of the damping of the COS by dust away from the disc mid-plane. The left panel shows numerically obtained maximum growth rates of 
a pure gas with N 

2 
r = −0 . 01, H r = −0.2, q z = 0.05, β = 1, N 

2 
z = 0 . 28 and H z = −0.11, at distance z 0 = h 0 away from the disc mid-plane, i.e. the COS subject 

to vertical buoyancy (cf. Fig. 2 ) and vertical shear (which has a negligible effect). The middle panel shows corresponding maximum growth rates of a dusty gas 
with ε0 = 10 −3 and τ = 10 −2 . Here the COS experiences, compared to the situation within the disc mid-plane (Fig. 4 ), an additional cut-off for a given vertical 
wavenumber, indicated by the dashed horizontal line, which is given by ( 146 ). Moreover, in this case the DSI appears (Section 5.2 ). The third panel shows the 
growth rates of the COS resulting from equation ( 145 ), in good agreement with those in the second panel. Finally, the fourth panel shows the pseudo-energy 
decomposition of the modes traced by the dashed vertical line in the second panel. These (COS) modes are powered by radial buoyancy and are mainly damped 
by dust–gas drag, as explained in the text. 
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annot be satisfied for positi ve v alues of k x , z and w d 0 as considered
ere. Nev ertheless, a v ery similar energy composition to that of the
SSI presented here is also found for near -resonant DSI modes in

he presence of vertical shear with η �= 0 (see Fig. 16 , the left panel).
n Section 5.2.2 we argued that the latter modes are actually not the
SI. Instead, these can be considered as DSSI modes in the presence
f a radial pressure gradient η �= 0. Fig. 16 suggests that a radial
ust–gas drift (induced by η �= 0) has a mitigating effect on DSSI
odes with k x � k z /(2 q z ). In the following section, we will confirm

n a different way that the DSSI is indeed a unique instability. 

.3.3 Limit of small vertical wavenumbers 

ather than exploiting the exact solution of the cubic dispersion re-
ation ( 142 ) we here derive analytical expressions for the growth rate
nd frequency of the DSSI in the limit of small vertical wavenumbers
 z . In order to better understand this instability, we formally set k z =
. This consideration eliminates the pure gas VSI as well as the DSI,
ince both instabilities vanish as k z → 0 (cf. Section 3.2 ). 

In Appendix G2 we use the full set of linearized equations in the
sothermal limit to derive growth rate and frequency for the DSSI in
he limit k z → 0: 

R = 

√ 

3 

(
1 

4 
k x q z w d0 

ε0 

1 + ε0 

) 1 
3 

(143) 

nd 

I = −2 k x q z w d0 
ε0 

1 + ε0 
−
(

k x q z w d0 

4 

ε0 

1 + ε0 

) 1 
3 

. (144) 

hese results show that the here-discussed instability is indeed no v el.
t independently vanishes with vanishing dust settling (described via 
he factor τz 0 ) and vertical shear q z , distinguishing it from both the
SI and the DSI. 
We verified that ( 143 ) agrees accurately with the full numerical

olution for values of 10 −3 ≤ ε0 � 1 and τ � 10 −1 , for a large range of
avenumbers, which is illustrated in Fig. 20 . Ho we ver, large v alues
f ε0 ∼ 1 are not typically e xpected a way from the disc mid-plane
nyway. The reason for the good agreement exhibited in Fig. 20 is
hat ( 143 ) [and also ( 144 )] is derived from the exact solution of the
ubic dispersion relation. In the deri v ation, we only assumed | στ | �
 and neglected the contribution due to azimuthal drift, which is sub-
ominant (see Appendix G2 for details). Note that for ε0 τ → 0, also
he frequency ( 144 ) vanishes, in agreement with the pure gas VSI. 

.4 Dusty damping of the COS away from the disc mid-plane, 
eneralized growth rate 

e do not find any notable effect of radial buoyancy on the DSI or
he VSI. This is not surprising since radial buoyancy mainly affects
odes with k x � k z [cf. equation ( 76 )], while the aforementioned

nstabilities typically exist for k x � k z . In principle, ho we ver, the COS
an co-exist with the DSI, the VSI (cf. Fig. 12 ), or their combination
the DSSI). Here, we briefly explore the COS with vertical shear and
ust settling. 
Fig. 21 (first and second panel) shows the co-existence of the

OS with aforementioned instabilities at a distance z 0 = h 0 from the
id-plane (recall that z 0 is scaled with r 0 ). We use N 

2 
r = −0 . 01 to

nable the COS and include vertical buoyancy, dust settling, vertical 
hear, and a radial pressure gradient, the latter of which enables a
ackground dust–gas drift. Compared to the situation within the disc 
id-plane (Fig. 3 ), the presence of dust now also results in a vertical
avenumber cut-off for the COS growth rates (seen in the second
anel). In Appendix C we derive an expression for this dust-induced
amping effect, which is related to the vertical advection of dust
ith the equilibrium velocity w d 0 . The remaining panels will be
iscussed below. 
Combined with our description of the COS within the disc mid-

lane in Section 4.2.1 we can now formulate an analytical expression
or the growth rate of the COS, which includes the effects of dust
nd (v ertical) buoyanc y for a general distance z 0 � h 0 a way from the
isc mid-plane. This generalized growth rate reads 

R, COS = −
(
ξ − μ2 

z 

)
β

2 ( 1 + ε0 ) 
(
1 + β2 ξ

) − ε0 μ
2 
x τ

2 ( 1 + ε0 ) 
− ε0 k 

2 
z z 

2 
0 τ

3 

( 1 + ε0 ) 
3 , (145) 
MNRAS 522, 5892–5930 (2023) 
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10 For a disc with h 0 = 0.05 Lehmann & Lin ( 2022 ) found such a bump to be 
stable with respect to the Rossby wave instability. 
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here ξ is given by ( 71 ) and where the factor 1/(1 + ε0 ) in the first
erm has been added as compared with ( 76 ) to account for the effect
f dust loading, as described in Section 4.2.1 . The abo v e e xpression
or the growth rate does not include the effect of vertical shear.
o we ver, based on numerical solutions we find its effect on the COS

o be negligible. In the limit z 0 → 0, ε0 → 0, N 

2 
z → 0 (mid-plane,

o dust, no vertical buoyancy), we recover the growth rate ( 76 ),
riginally derived by Lyra ( 2014 ) and Latter ( 2016 ). 
The expression ( 145 ) is constructed by hand and is not derived

rom the underlying equations in a rigorous manner. Nevertheless,
he first term ∝ β with ε0 → 0, which corresponds to the dust-free
imit, is exact (at least in practical terms, see Fig. 2 ). Furthermore,
n Section 4.2.1 we have shown that the second term, which
s independent of buoyancy, accurately describes the sharp dust-
nduced drop of the growth rates beyond some k x . Moreover, as
hown in Fig. 3 , the inclusion of the factor 1/(1 + ε0 ) in the first term
ccurately describes the dust-induced reduction of the growth rates
or small k x for 0 < ε0 � 1. 

Fig. 21 (the third panel) sho ws gro wth rates of the COS resulting
rom ( 145 ), in good agreement with the full numerical solution. The
SI does not appear in the reduced model, as the latter ignores

he vertical dust–gas drift term in the vertical gas momentum
quation, which triggers the DSI. The energy decomposition (for
xed k x H 0 = 1) shows that drag forces lead to the cut-off. As outlined

n Appendix C , it is the v ertical adv ection of dust with the equilibrium
elocity w d 0 , which is the origin of the vertical cut-off wavenumber
 z, cut-off . In order to obtain an estimate for k z, cut-off we solve ( 145 ) for
 anishing gro wth rate in the limit k x → 0. This results in a quadratic
quation for k z , readily yielding (the positive root) 

 z, cut-off = 

√ 

−βN 

2 
r 

2 
[
1 + β2 

(
1 + N 

2 
r 

)] ( 1 + ε0 ) 
2 

ε0 τw 

2 
d0 

, (146) 

here the first factor in the square root equals the growth rate ( 76 )
 v aluated at k x = 0, and which only exists for N 

2 
r < 0. This vertical

ut-off wavenumber is indicated by the dashed horizontal line in
ig. 21 (middle and right panels). Since (as outlined in Appendix C )
e find that the dust–gas drift terms involving dust density perturba-

ions are negligible for this damping effect, the only remaining energy
ontribution describing a coupling between dust and gas is that due to
rag force terms. Indeed, the vertical drift of dust relative to the gas,
xpressed by the dust’s vertical advection terms [the terms ∝ w d 0 in
quations ( 43 )–( 46 )], acts onto the gas via drag forces. 

It should be noted that the applicability of ( 145 ) has some
imitations within our model. First of all, in its construction, we
eglected the radial gas pressure gradient. Ho we ver, this neglect
nly affects those modes in a notable manner which become
usceptible to the SI for larger values of ε0 . Moreo v er, the derivation
f the damping terms away from the disc’s mid-plane assumes
mall values of ε0 , such that ε0 � 0.01 is required to keep relative
eviations from the exact solution within a few per cent. As
tated earlier, this assumption is reasonable away from the disc’s 
id-plane. 

 DISCUSSION  

.1 SI in non-isothermal discs 

ur analysis of the SI in the disc mid-plane in Section 4.4 revealed
hat the instability behaves very similar in the adiabatic and the
tandard, isothermal limits. This can be understood within the RDI
ramework by noting that the corresponding inertial waves, which
NRAS 522, 5892–5930 (2023) 
re fundamental for the SI, have similar frequencies and are neutrally
table in these limits. This suggests that properties of SI-driven
urbulence and dust clumping should be similar in the inner, optically
hick regions of PPDs as it would in the outer parts (Lin & Youdin
015 ; Barranco et al. 2018 ; Pfeil & Klahr 2019 ; Fukuhara et al. 2021 ).
Ho we ver, at intermediate disc radii, the gas may cool on a dynam-

cal time-scale ( β ∼ 1). If the radial stratification is stable ( N 

2 
r > 0),

hen radial buoyancy can ef fecti vely stabilize the SI on small scales
 k x , z H 0 � 10 2 in our numerical examples). This is because the
orresponding pure gas inertial waves decay sufficiently rapid. The
tabilized SI modes include the fastest growing ones that would occur
n an isothermal or adiabatic gas. Thus, o v erall the SI is weakened
nd restricted to larger scales than in aforementioned limits. 

What could be the potential impact of radial buoyancy on plan-
tesimal formation in PPDs? In order to address this question within
he limitations of our local, unstratified model, in the following we
onsider a range of possible gas density slopes −2 < p < −0.5 and
as temperature slopes −1.5 < q < −0.1 of the underlying global
odel for a PPD, as these determine the value of N 

2 
r (see Section 2.6 ).

e note that observations suggest that in smooth disc regions typical
alues of the temperature slope are −0.75 < q < −0.5 (Andrews
t al. 2009 ). The gas density profile, on the other hand, is generally
ard to constrain from observations. For the abo v e values of p and q
nd using h 0 = 0.05 we find values for the radial buoyancy frequency
0 . 006 � N 

2 
r � 0 . 003 in the disc mid-plane z 0 = 0 at r = r 0 . As

or the dust parameters τ and ε, it is useful to distinguish between
uch parameters that have been found to cause strong dust clumping
ue to SI in nonlinear simulations, and those which lead to only
eak clumping, and which are thus expected to be less rele v ant for
lanetesimal formation in smooth disc re gions. F or instance, for τ =
0 −1 it has been found that values ε0 � 1 are required to cause a
trong clumping in nonlinear (isothermal) unstratified shearing box
imulations (Johansen & Youdin 2007 ). That being said, for such
arameter values we do not find any influence of radial buoyancy on
he linear SI growth rates for the (positive) values of N 

2 
r given above.

t should be noted at this point that recent vertically stratified shearing
ox simulations of the SI (Li & Youdin 2021 ) revealed that strong
lumping due to the SI can already occur for substantially smaller
alues of ε0 . Nevertheless, we conclude that if radial buoyancy has
ny significant effect on dust concentration in PPDs, it must be
t special disc locations, such as edges of deadzones, snowlines,
ressure bumps, etc.. But considering that such special locations are
lso preferable sites for dust to concentrate, it may thus be worthwile
o provide estimates for N 

2 
r at such locations. 

Indeed, one scenario that has been found to bear direct rele v ance
or planetesimal formation via the SI is the concentration of dust
t a pressure bump. Specifically, using isothermal shearing box
imulations Carrera et al. ( 2021a , b ); Carrera & Simon ( 2022 ) studied
he process of planetesimal formation of grains with 10 −2 � τ

 10 −1 at initially solar abundance. As such, they found that for
rains with τ ∼ 10 −1 planetesimal formation is a robust process
t a Gaussian pressure bump with dimensionless amplitude � 0.2,
hereas Carrera & Simon ( 2022 ) found that this is not the case for
rains with τ � 10 −2 . Nevertheless, the presence of a pressure bump
an affect the slopes p and q in such a way that buoyancy effects may
e important, not captured in an isothermal model. 
Fig. 22 shows the maximum value of N 

2 
r in the vicinity of a

aussian pressure bump with dimensionless amplitude 10 0.4 and
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Figure 22. Maximal values of the radial buoyancy frequency in the vicinity of 
a Gaussian pressure bump with dimensionless amplitude A = 0.4, embedded 
at r = r 0 in the global disc (Section 2 ) with h 0 = 0.05, radial temperature 
profile ( 56 ) and density profile ( 57 ), for v arying po wer law parameters p and 
q (see Fig. 23 for an example). 

Figure 23. Illustration of the effect of a pressure bump on the radial buoyancy 
frequency embedded in a PPD. The top panel shows the radial profiles of the 
gas density ( 57 ) with a Gaussian pressure bump with dimensionless amplitude 
0.4 superposed at r = r 0 . The middle and lower panels display the resulting 
radial buoyancy frequency ( 59 ) with p replaced by p eff , which takes into 
account the pressure bump, and which is displayed in the bottom panel. 
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adial width H 0 [see for instance equation (5) in Carrera et al.
 2021a )]. Thus, larger values of the density slope p generally lead
o a larger maximum value of N 

2 
r . Specifically, we find a maximum

alue N 

2 
r ≈ 0 . 03 for p = −2 and q = −1.35, but significant values of

 

2 
r � 0 . 01 are found within the entire range of p and q values. The

ase with N 

2 
r = 0 . 03 is illustrated in Fig. 23 , showing the mid-plane

adial profiles of the gas density ρg , radial buoyanc y frequenc y N 

2 
r 

with maximum value 0.03), and the effective density slope 

 eff ≡ ∂ ln ρg 

∂ ln r 
, (147) 
hich has been used in ( 59 ) instead of p to compute N 

2 
r . We note

hat Carrera et al. ( 2021a ) adopted p = 2.25 and q = 0.5, yielding
ven larger values of N 

2 
r than the largest values considered here. 

How radial buoyancy in practice affects the growth of SI modes
nd the related clumping of dust at a pressure bump needs to be
larified in non-isothermal simulations. One may speculate that in 
isc regions where gas cooling occurs roughly on the dynamical time
cale, radial buoyancy could increase the minimum particle size that 
an lead to planetesimal formation at a pressure bump via the SI. 

.2 DSI in non-isothermal discs 

he DSI operates away from the disc mid-plane (Squire & Hopkins
018 ) and has been suggested to seed the (standard) SI. Ho we ver,
imulations carried out by Krapp et al. ( 2020 ) revealed that the
SI only drives weak dust clumping, putting its potential rele v ance

n planetesimal formation into question. These studies adopted an 
sothermal gas and therefore did not include buoyancy effects. 

Our generalization of the DSI to non-isothermal discs shows that 
t is progressively stabilized by vertical buoyancy (Figs 14 , 16 ) with
ncreasing cooling time. In the adiabatic limit, all modes, except those 
ith precisely the wavenumbers that satisfy the RDI condition, are 

uppressed. It is unclear if this narrow band of modes can drive
ignificant turbulence or clumping. Our results, therefore, suggest 
hat the DSI may be even less relevant for planetesimal formation
han previously shown. 

.3 Effect of dust on the COS 

he COS requires an unstable radial stratification ( N 

2 
r < 0), which

ight be realized at special radial locations in PPDs, such as pressure
umps, snow lines, dead zone edges, etc., or away from the disc
id-plane, where the radial gas density profile becomes flatter (see 
ection 2.6 ). In the former cases, dust can also be expected to
ccumulate. 

We find that dust generally has a damping effect on the linear COS,
here two aspects can be distinguished. For one, tightly coupled dust

dded to a non-isothermal gas ef fecti v ely decreases the buoyanc y fre-
uency of the dusty gas when viewed as a single mixture. This damp-
ng effect, however, is only noticeable for dust-to-gas ratios ε0 � 1. 

Secondly, additional damping occurs if there is a finite cou- 
ling time between dust and gas, which originates from the dust-
odification of inertial waves (see Appendix C ). These damping 

ffects result in a disappearance of the COS at sufficiently large radial
av enumbers, and, if a way from the disc mid-plane, in addition

t sufficiently large v ertical wav enumbers. The radial cut-off is
escribed by ( 87 ). As such, within the mid-plane, dust raises the
inimum radial length-scale of growing modes (with growth rates 
 10 −3 �0 ) by a factor ∼10 for ε0 ∼ 1 and Stokes numbers τ ∼

0 −2 and assuming the optimal cooling time β = 1 for the COS. For
maller/larger cooling times and larger values of the Stokes number 
his effect is more severe. In our numerical example away from the
id-plane, the COS is suppressed for k z H 0 � 10 3 (and consequently

or k x H 0 � 100, see Fig. 21 ). 
Consequently, in dusty discs away from the mid-plane there is a

ower vertical length-scale limit on the COS, given by ( 146 ). For
ptimal cooling times β ∼ 1 and assuming ε0 � 1 and N 

2 
r ∼ −h 

2 
0 

Section 2.6 ) it approximately reads 

 z, cut H 0 ∼ h 0 √ 

ε0 τ 3 

H 0 

z 0 
, (148) 
MNRAS 522, 5892–5930 (2023) 
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here z 0 is now the dimensional height away from the disc mid-
lane. The existence of minimum radial and vertical scales suggests
hat numerical simulations of the dusty COS should converge with
espect to resolution, as long as these scales are resolv ed, ev en in the
bsence of dissipation. At the same time, the vertical cut-off length-
cale sets a lower limit for the vertical extent of the simulation region.

.4 Instabilities resulting from the combined effect of dust–gas 
rift and buoyancy: the DCOS 

he DCOS (Sections 4.2.2 and 4.3.4 ) is a new, unique instability
n the presence of radial dust–gas drift and an unstable radial
tratification N 

2 
r < 0. Unlike the COS, ho we ver, the DCOS is most

ele v ant to gas subject to slow cooling ( β � 1, where the COS is
egligible, see Fig. 11 ). In this limit, there is no physical cooling.
o we ver, a dusty gas in the presence of a radial pressure gradient

xhibits a radial drift between the pure gas (i.e. the entropy carrying
pecies) and the center of mass of the dust–gas mixture, which
oes not drift. This relative drift results in an effective transport
f entropy perturbations of the dusty gas [equation ( A12 )], which
n turn constitutes an ef fecti ve cooling, as expressed by equation
 A29 ). This ef fecti ve cooling dri ves instability if N 

2 
r < 0. Like the

OS, the DCOS grows most rapidly if the effective cooling occurs
n a dynamical time-scale (see Figs D1 , D2 ). 
In our examples, the DCOS dominates o v er the SI for small grains

 τ � 10 −1 ) at low abundances ( ε0 � 1). The DCOS may thus provide
n alternative pathway to planetesimal formation where the SI and
OS are either inoperative or inefficient, for example in the inner

egions of a dust-poor disc. On the other hand, DCOS modes are
haracterized by small length-scales ( k x , z H 0 � 10 3 ), which may be
ubject to dissipation. They are also constrained to a rather narrow
strip’ in wavenumber space. Nonlinear simulations are required to
ssess the rele v ance of DCOS for dust dynamics. 

.5 Effect of dust in vertically shearing discs: the VSI and DSSI

e find that, near the disc mid-plane, radial dust–gas drift stabilizes
SI modes below a critical radial length-scale (corresponding to
 x H 0 � 10 3 −10 4 in our examples, see Figs 17 , 18 ). If the removal of
hese small-scale modes weakens VSI-turbulence such that grain
rowth is promoted (e.g. by reducing the collisional velocities),
hen radial drift would accelerate, and the VSI would be further
eak ened. This w ould then produce a self-sustaining process to

acilitate planetesimal formation. 
On the other hand, we find that vertical dust settling in combination

ith vertical shear produces a new , unique instability , the DSSI.
t least in the absence of radial dust–gas drift, DSSI growth rates

onsiderably exceed those of the VSI and the DSI. In principle, the
SSI can be considered either an enhanced version of the VSI, or an

nhanced version of the DSI. Since it has the same stability boundary
s the VSI (see Fig. 19 and Appendix G ), and since it is – unlike
he DSI – not an RDI (Section 5.3.2 ), it may rather be seen as an
nhanced VSI. Our analysis reveals that (for the parameter values
sed here) modes with k x / k z � 100 are dominated by vertical shear,
hereas modes with larger ratios are dominated by settling. On the
ther hand, the DSSI e xists ev en in the limit k z = 0, unlike either the
SI or the DSI, suggesting that the instability is unique. Nevertheless,
hich of the two descriptions is more adequate needs to be clarified

n nonlinear simulations. If the DSSI is an enhanced DSI, which has
een shown to lead to dust clumping (albeit weak), the former might
ctually be more capable of forming clumps than the latter. 
NRAS 522, 5892–5930 (2023) 

o  
Ho we ver, if the DSSI behaves like an enhanced VSI in its nonlinear
tate, we can expect it to generate increased turbulence, and hence
ncreased vertical stirring of dust. In this case, dust settling may be
revented, which would make planetesimal formation more difficult.

.6 Caveats and outlook 

.6.1 Thermodynamic equilibrium of dust and gas 

 dusty gas, strictly speaking, cannot generally be in a steady,
hermodynamic equilibrium, as the radial gas flow in response to dust
rag would transport the background entropy and drive evolution. In
ur model (Section 2.1 ) we only account for the advection of the
ackground due to the perturbed flow. That is, we neglect the term

�  g0 · � ∇ S 0 , which should appear on the right hand side of equation
 12 ). We can estimate the evolution of the background due to gas
rift as 

∂ S 

∂ t 
∼ u g0 

H r 

∼ ε0 τηr�K 

H r 

. (149) 

n the limit ε0 → 0, exact equilibrium is possible since then u g 0 =
. The evolution of the equilibrium state should not affect our linear
nalyses, as long as computed growth rates are �| ε0 τηr �K / H r | . For
nstance, with typical growth rates of linear COS modes given by
∼ ∣∣N 

2 
r 

∣∣�K (cf. Section 4.1 ), this requirement translates to 

 H r | � ε0 τr, (150) 

here we used N 

2 
r ∼ h 

2 and η ∼ h 2 . For typical dust parameters τ
10 −2 and ε0 ∼ 10 −2 , this condition is fulfilled by a large mar-

in. Nevertheless, future work should account for this background
volution in global analyses and simulations. 

.6.2 Dust–gas frictional heating 

e only couple dust and gas dynamically via the momentum
quations. Strictly speaking, dust–gas friction also causes heating,
hich should be accounted for in the gas energy equation. This

rictional heating of the gas via dissipation of kinetic energy is
escribed by the term (Laibe & Price 2014 ) 

 h = 

ρd ρg 

γ ( γ − 1) τ
(
ρg + ρd 

)
H 0 r 0 �0 

∣∣� v d − � v g 
∣∣2 , (151) 

hich should be formally added to equation ( 12 ). 
Also dust–gas heating generally prevents the dusty gas from attain-

ng a steady thermodynamic equilibrium. Ho we ver, this equilibrium
rictional heating can, in principle, be balanced by the advection
f the background entropy. If both aspects are included, the energy
quilibrium reads 

 r S 0 u g0 + ε0 
( � v g0 − � v d0 ) 2 

(1 + ε0 )( −1 + γ ) h 0 �0 r 
2 
0 τ

= 0 . (152) 

sing the solutions for the equilibrium drift [equations ( 20 ) and
 23 )], the abo v e equation can be written as 

 

2 
r = − η2 (4 + 8 ε0 + 4 ε2 

0 + τ 2 ) 

(1 + ε0 ) γ ( γ − 1) h 0 (1 + 2 ε0 + ε2 
0 + τ 2 ) 

∼ −h 

3 
0 . (153) 

nterestingly, equilibrium can, strictly, only be maintained in the
resence of an unstable entropy gradient N 

2 
r < 0. 

In the perturbed state, dust–gas heating should also be active
f there is an equilibrium drift. Ho we v er, we performed e xample
alculations including the perturbed heating term and found no effect
n the local instabilities discussed in this work. Nevertheless, the role
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f this heating term should be investigated in more detail, particularly 
n global settings, and whether or not it can drive instabilities by
nhancing pressure gradients, such that dust drift is accelerated, 
hich would in turn lead to further heating. 

.6.3 Gas cooling 

n this study we adopted a Newtonian cooling prescription for the gas,
o that temperature perturbations on all scales relax at the same rate.
his prescription is useful in controlling the disc’s thermodynamic 

esponse. Physically, it is applicable to the optically thin cooling 
egime, where perturbation length-scales are smaller than the photon 
ean free path. For a Minimum Mass Solar Nebula (Chiang & 

oudin 2010 ), Lin & Youdin ( 2015 ) estimate that the optically thin
egime applies to length-scales 

 � 10 −3 e z 
2 / 2 H r 

33 / 14 
AU H , (154) 

here r AU is the distance from the central star in au. Ho we ver, in the
ptically thin regime, the dimensionless cooling time is usually β �
, unless the disc is depleted of small grains (see fig. 18 in Lin &
oudin 2015 ). 
To examine intermediate or slow cooling ( β � 1), typically 

pplicable to scales larger than that given by equation ( 154 ) in
he optically thick regime, one should use radiative diffusion. In 
his case, we expect β → β/ k 2 , so that cooling times are scale-
ependent. Future work should incorporate a physically moti v ated 
ooling prescription, accounting for both optically thin and thick 
ooling regimes, to self-consistently examine how the discussed 
nstabilities depend on wavenumbers. 

 SU M M A RY  

n this paper, we study the local stability of a PPD comprised of a non-
sothermal gas and a single species of dust. Our axisymmetric model 
ncorporates gas cooling, buoyanc y, v ertical shear, and drift of dust
nd gas. As such, it captures a number of known instabilities, namely
he COS, VSI, SI, and DSI. We examine how the gaseous instabilities, 
OS and VSI, are affected by dust; and how the drag instabilities, SI
nd DSI, are modified in a non-isothermal gas. Results obtained for
he SI and the DSI in the isothermal limit, and for the COS and the
SI in the dust-free limit, agree well with those of previous studies.
We show that dust introduces a minimum length-scale for the 

OS, below which the instability is fully suppressed. At high dust
oading, COS growth rates are also reduced because of the reduction 
f the ef fecti v e radial buoyanc y of the dust–gas mixture. Similarly,
e find that radial dust–gas drift sets a minimum radial length-scale 

or the VSI. 
For the SI, we find that radial buoyancy suppresses sufficiently 

mall-scale modes when the gas cools on a time-scale comparable to 
he dynamical one. We show that vertical buoyancy stabilizes the DSI, 
xcept for modes along a narrow band of ‘resonant’ wavenumbers. 

Finally, we identify two new instabilities unique to the abo v e
ystem. First, the DCOS operates in a dusty, adiabatic gas with an
nstable radial stratification. This instability arises from the fact 
hat gas drift, induced by dust, is able to transport temperature 
erturbations, which constitutes ef fecti ve cooling, e ven if the gas in
solation is not subject to cooling. Second, the DSSI arises when both
ertical shear (responsible for the VSI) and dust settling (responsible 
or the DSI) are present. In the absence of radial dust–gas drift (e.g.
ear a pressure bump), the DSSI is found to have significantly larger
rowth rates than either the VSI or DSI alone. 
Whether or not the abo v e instabilities primarily drive turbulence or
an promote dust clumping, and hence their role in the planetesimal
ormation, will need to be addressed with nonlinear hydrodynamical 
imulations. 
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PPENDIX  A :  ONE-FLUID  F O R M U L AT I O N  

O R  DUSTY  N O N - I S OTH E R M A L  G A S  

n addition to our two-fluid model (Section 2 ) of dusty gas, we also
onsider a one-fluid description (Laibe & Price 2014 ; Lin & Youdin
017 ; Lo vascio & P aardek ooper 2019 ). Here we w ork with the total
ensity 

= ρg + ρd , (A1) 

he center of mass velocity 

�  = 

ρg � v g + ρd � v d 
ρ

, (A2) 

nd the relative velocity 

 � v = � v d − � v g . (A3) 

his implies 

�  g = � v − f d � � v , (A4) 

�  d = � v + f g � � v , (A5) 

here 

 d = 

ρd 

ρ
= 

ε

1 + ε
, (A6) 

 g = 

ρg 

ρ
= 

1 

1 + ε
, (A7) 

re the dust and gas mass fractions, respectively. Furthermore, we
ork with the dust-to-gas ratio ( 18 ). The incompressibility condition

 10 ) in the one-fluid formulation reads 

� 
 · � v = 

� ∇ · ( f d � � v ) , (A8) 
NRAS 522, 5892–5930 (2023) 
o the dusty gas is no longer incompressible, unlike the gas in
solation. The evolution equations for ε and � v read (
∂ 

∂ t 
+ � v · � ∇ 

)
ε = −(1 + ε) 

(
� ∇ · � v 

)
, (A9) (

∂ 

∂ t 
+ � v · � ∇ 

)
� v = −2 �0 � e z ×

[
� v −

(
− 3 

2 
�0 x + q z �0 z 

)
� e y 

]
− 1 

ρ
� ∇ δP 

+ 

(
2 η �2 

0 
ρg0 

ρ
r 0 − H r N 

2 
r 

δρg 

ρ

)
� e x 

+ 

(
δρd 

ρ
z 0 �

2 
0 − H z N 

2 
z 

δρg 

ρ

)
� e z . (A10) 

o arrive at equation ( A10 ) we multiply equation ( 11 ) by ρg and
quation ( 17 ) by ρd , add the two equations and use equations ( A1 )
nd ( A2 ). We also drop terms of O( � � v 2 ), assuming it is negligibly
mall for tightly coupled dust. Furthermore, from the equation for
he velocity difference [cf. equation (14) in Laibe & Price ( 2014 )]
 � v in the terminal velocity approximation (TVA) we find 

 � v = t s 

(
1 

ρ
∇δP − 2 η �2 

0 r 0 f g � e x + 

δρg 

ρ

(
H r N 

2 
r � e x + H z N 

2 
z � e z 

)
+ ( 1 + ε0 ) z 0 �

2 
0 f g � e z 

)
. (A11) 

n order to arrive at ( A11 ) we subtract equations ( 11 ) and ( 17 ). In
he resulting equation for � � v , we expand (since τ � 1) � � v →
 � v τ + O( τ 2 ) and balance terms to zeroth order in τ (Lovascio &

aardekooper 2019 ). 
Thus, in the TVA, the dust is assumed to relax to its terminal

elocity instantly and dust–gas drift is attributed to the differential
orces that act on the dust and gas. Note that for axisymmetric
ystems there is no azimuthal velocity drift in the TVA. The
bo v e e xpression contains additional terms compared to the original
 xpression pro vided in Youdin & Goodman ( 2005 ). These terms are
elated to buoyancy and vertical dust settling. 

Using this expression and the abo v e definitions, we can rewrite
he gas energy equation in the one-fluid formalism as (
∂ 

∂ t 
+ � v · � ∇ 

)
δρg = − 1 

t c 
δρg + ρg0 

(
1 

H r 

δu + 

1 

H z 

δw 

)
+ 

t s �
2 
0 ε0 

(1 + ε0 ) 2 
(−2 ηr 0 ∂ x δρg + (1 + ε0 ) z 0 ∂ z δρg 

)
− ρg0 

(
1 

H r 

δ( f d �u ) + 

1 

H z 

δ( f d �w) 

)
, (A12) 

here 

( f d �u ) = t s 

(
f d0 

ρ0 
∂ x δP − 2 η�2 

0 r 0 
(1 − ε0 ) 

(1 + ε0 ) 3 
δε + 

f d0 

ρ0 
δρg H r N 

2 
r 

)
, 

(A13) 

( f d �w) = t s 

(
f d0 

ρ0 
∂ z δP + �2 

0 z 0 
(1 − ε0 ) 

(1 + ε0 ) 2 
δε + 

f d0 

ρ0 
δρg H z N 

2 
z 

)
. 

(A14) 

1 One-fluid equilibrium 

he abo v e set of equations yield the equilibrium 

0 = const. , (A15) 

 0 = −2 ε0 q z τz 0 �0 

1 + ε
, (A16) 
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 0 = − ηr 0 �0 

1 + ε0 
, (A17) 

 0 = 

ε0 τz 0 �0 

1 + ε0 
, (A18) 

nd 

u 0 = −2 ητ�0 r 0 

1 + ε0 
, (A19) 

v 0 = 0 , (A20) 

w 0 = τz 0 �0 , (A21) 

hich are the velocities relative to the background shear flow 

− 3 
2 x + q z z 

)
�0 . Compared to the two-fluid equilibrium (Section 

.2 ), terms which are ∝ τ 2 are neglected. Consequently, also �v 0 =
 in the one-fluid formulation. 

2 One-fluid linearized equations 

he (scaled) linear perturbation equations are obtained in the same 
ashion as those of the two-fluid equations in Section 2.4 . From the
inearized incompressibility condition ( A8 ), we obtain the pressure 
erturbation 

P = 

i 

k 2 

[
( H r N 

2 
r k x + H z N 

2 
z k z ) δρg − (1 + ε0 ) 2 

ε0 τ
( k x δu + k z δw) 

− ( −1 + ε0 )( −2 ηk x + (1 + ε0 ) k z z 0 ) 

ε0 (1 + ε0 ) 
δε

]
(A22) 

We note that equation ( A22 ) is not valid in the limit τε0 → 0.
hat is, in this limit, equation ( A8 ) cannot be used to compute the
ressure perturbation δP . In that case, the dusty gas then becomes
ncompressible with 

w = −k x 

k z 
δu. (A23) 

sing this relation we can linearize the x − and z-components of
he momentum equation ( A10 ) and combine these to obtain δP The
esulting expression can then be used in equations ( A25 )–( A28 ). 

The remaining linearized equations are 

δε = −i(1 + ε0 )( k x δu + k z δw) − i( k x u 0 + k z w 0 ) δε, (A24) 

δu = − H r N 

2 
r 

1 + ε0 
δρg + 2 δv − i( k x u 0 + k z w 0 ) δu − ik x 

1 + ε0 
δP 

− 2 η

(1 + ε0 ) 2 
δε, (A25) 

δv = −1 

2 
δu − i( k x u 0 + k z w 0 ) − q z δw, (A26) 

δw = − H z N 

2 
z 

1 + ε0 
δρg − i( k x u 0 + k z w 0 ) δw − ik z 

1 + ε0 
δP + 

z 0 

1 + ε0 
δε

(A27

δρg = 

1 

H r 

δu + 

1 

H z 

δw + δρg 

(
− 1 

β
− ε0 τ

(1 + ε0 ) 2 
( N 

2 
r + N 

2 
z + 2 iηk x ) 

−i( k x u 0 + k z w 0 ) − iε0 τk z z 0 

1 + ε0 

)
− iε0 τ

(1 + ε0 ) 2 

(
k x 

H r 

+ 

k z 

H z 

)
δP 

− ( −1 + ε0 ) τ

(1 + ε0 ) 2 

(
2 η

(1 + ε0 ) H r 

− z 0 

H z 

)
δε. (A28) 
r  
From the energy equation ( A28 ) one can define an effective cooling
ime of the dusty gas (see also Section 4.3.3 ) 

βeff = 

[
1 

β
+ i 

(
2 ηε0 τk x 

( 1 + ε0 ) 
2 + k x u 0 + k z w 0 + 

ε0 τk z z 0 

1 + ε0 

)
+ 

ε0 τ

(1 + ε0 ) 2 

([
μ2 

z − μx μz 

H r 

H z 

]
N 

2 
r + 

[
μ2 

x − μx μz 

H z 

H r 

]
N 

2 
z 

)]−1 

, 

(A29) 

here we used ( A22 ) to replace the pressure perturbation δP . This
f fecti ve cooling time is generally different from the pure gas cooling
ime β, and in particular, is generally complex-valued. In Section 
.2.1 we show that the presence of dust can either give rise to a quasi-
hermal instability, or enhance the cooling rate compared to a pure
as, depending on the sign of N 

2 
r . Furthermore, a complex cooling

ime implies a phase shift between the gas density perturbation and
he cooling term, and can give rise to the DCOS, as discussed in
ection 4.2.2 and Appendix D . 

PPENDI X  B:  I NERTI AL  WAV ES  IN  T H E  

RESENCE  O F  V E RT I C A L  BU OYA N C Y,  
E RT I C A L  S H E A R ,  A N D  C O O L I N G  

n this section, we investigate linear modes in a pure gas disc with
 ertical buoyanc y, v ertical shear, and cooling. These are go v erned by
he cubic dispersion relation, equation ( 98 ), and we shall find that they
ave a non-trivial dependence on the cooling time β. The solution
ethod outlined in Section 4.1 assumes complex roots, but there 

lso exist purely growing (or decaying) modes with σ I = 0. For one,
his is the cooling mode. Generally, if we assume sufficiently small
alues of β, such that | σβ| � 1, equation ( 98 ) can be approximated
y the quadratic dispersion relation 

2 + β˜ ξσ + ̃  μ2 
z = 0 , 

uch that the cooling mode has been discarded, but the effect of
ooling on the remaining solutions is retained. The latter solutions 
ead 

= −1 

2 
μ2 

x N 

2 
z β ± 1 

2 

√ 

μ4 
x N 

4 
z β

2 − 4 μ2 
z 

(
1 − 2 q z 

k x 

k z 

)
. (B1) 

hese are either real- or complex-valued, depending on the sign of
he discriminant. We conclude that if the discriminant is ne gativ e, the
olutions describe inertial waves modified by buoyancy and vertical 
hear. On the other hand, the solutions are non-oscillatory if it is
ositive. Note that ( B1 ) agrees with ( 109 ) to first order β. Thus, a
ifurcation should occur for a specific ratio of radial and vertical
avenumbers, k x , bif / k z , for which the square root vanishes. At this
ifurcation, the complex conjugate pair describing inertial waves 
ith identical decay rates will become a pair of non-oscillatory modes 
ith different decay rates. In the case q z = 0 we readily find 

k x, bif 

k z 
= 

√ 

4 + 2 βN 

4 
z 

β2 N 

4 
z 

≈ 2 

βN 

2 
z 

. (B2) 

n the limit k x � k z , equation ( B1 ) yields σ = 0 and σ = −βN 

2 
z . The

ase q z �= 0 yields a quartic equation for k x , bif , such that solutions
ust be obtained numerically. 
To anchor our discussion, we compute numerical solutions with 

 ertical buoyanc y N 

2 
z = 0 . 28 and possibly with v ertical shear q z =

.05 (see Section 2.6 ). Fig. B1 shows all of the three growth rates
nd corresponding frequencies resulting from the cubic dispersion 
elation ( 98 ), for increasing cooling time β from left to right as
MNRAS 522, 5892–5930 (2023) 
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Figure B1. Numerical solutions for the three pure gas eigenvalues resulting from the cubic dispersion relation equation ( 98 ) with N 

2 
z = 0 . 28, H z = −0.11, and 

N 

2 
r = 0 (growth rate σR and frequency σ I ). Generally, these are the cooling mode (cyan curve) and a pair oscillatory modes (black and orange curves), which 

for small k x are inertial waves. The upper (lower) two rows consider solutions without (with) vertical shear q z = 0.05. The open circles represent the analytical 
solutions ( B3 ) and ( B4 ) for σ I and σR , respectiv ely. F or cooling times β � 1 the inertial wave eigenvalues undergo a bifurcation at a given k x ≡ k x , bif , where 
the growth rates ‘fork’ into two different values and the frequencies drop to zero. We find that for β � 0.6 (including the first two columns) the value of k x , bif 

is well described by ( B2 ). For β ∼ 1 the cooling mode starts to drop to smaller values and eventually vanishes with increasing k x , via a prior merging with one 
of the inertial waves modes (third and fourth columns). In the adiabatic limit (the last column), the three modes are again clearly distinguishable. Note that for 
q z = 0.05 and β � 1 there exist oscillatory modes (with σ I �= 0). This is in contrast to the isothermal limit and explains the occurrence of a lower resonant DSI 
‘branch’ (Fig. 16 ). 

i  

c
 

t  

o  

l  

I  

v  

f  

q

σ

σ

w  

f

ξ

I  

T  

I  

o  

b
t  

i  

V

 

W  

i  

m  

t  

f  

t  

b  

(  

r  

b
 

c  

a  

(  

r  

t  

(  

m  

h  

e  

b  

g
 

l  

m  

a  

l  

d  

I  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/522/4/5892/7157128 by Academ
ia Sinica user on 23 M

ay 2023
ndicated. Furthermore, the plots in the upper and lo wer ro ws are
omputed without and with vertical shear, respectively. 

Let us first consider the panels with β = 0.001, corresponding to
he isothermal limit. The calculation with q z = 0 produces a pair
f decaying inertial waves with oscillation frequencies of ±1 in the
imit k x → 0, which are represented by the black and orange curves.
n addition, the cooling mode appears (the dashed cyan curve), with
anishing frequency σ I = 0 and with a large decay rate σ R = −10 3 ,
ar outside of the displayed region. In this and all other panels with
 z = 0 the circles represent the analytical expressions 

I = ±
√ 

μ2 
z + μ2 

x N 

2 
z + 

2 

β
σR + 3 σ 2 

R , (B3) 

R = − βN 

2 
z μ

2 
x 

2 
[
β2 
(
μ2 

z + N 

2 
z μ

2 
x 

)+ 1 
] , (B4) 

hich are the frequency and growth rate of pure gas inertial waves
ollowing from ( 74 ) and ( 75 ) using 

= 

k 2 z + N 

2 
z k 

2 
x 

k 2 
. (B5) 

n this case, these expressions agree well with the numerical result.
he same holds for the solutions described by ( B1 ) (not shown).

f q z = 0.05 (lower panels) the two VSI modes (one growing and
ne decaying) emerge for sufficiently large k x , the latter determined
y the condition ˜ q z > 0 [equation ( 110 )]. We note that for small k x 
he frequencies with and without vertical shear are identical. Only
f ̃  q z � 0 the frequencies with q z = 0.05 sharply drop to zero [local
SI modes are non-oscillatory (Latter & Papaloizou 2018 )]. 
NRAS 522, 5892–5930 (2023) 
The panels corresponding to β = 0.1 show an interesting result.
e first consider the case q z = 0. The eigenvalues of the pair of

nertial waves appear to undergo a bifurcation at a given k x . This is
ost clearly seen in the growth rates σ R , which start to ‘fork’ into

wo distinct curves around k x H 0 ∼ 800. For these wavenumbers, the
requencies drop to zero. With q z = 0.05 this bifurcation results in the
wo VSI modes, similar to the case with β = 0.001. In particular, this
ifurcation is not described by the analytical expressions ( B3 ) and
 B4 ). The reason is that the method used to derive these expressions
equires modes to be oscillatory. Ho we ver, it is accurately captured
y the solutions ( B1 ) (not shown). 
Around cooling times β ∼ 1, the eigenv alues sho w an e ven more

omplicated behaviour. The third column shows the eigenvalues with
nd without vertical shear for β = 0.924. Here we see for q z = 0
the upper panels) that the cooling mode (the cyan curve) decay
ate decreases, such that it approaches the decay rate of one of the
w o inertial w av es (the black curv e). In the case with q z = 0.05
lower panels) the two curves already start to merge in a complex
anner for this value of β, resulting in another bifurcation. The same

appens for the curves with q z = 0 for a slightly larger β. For an
ven (slightly) larger value β ∼ 0.940 the cooling mode decay rate
ecomes identical to the decaying inertial wave’s decay rate for a
iven k x , as seen in the fourth row. 
Our interpretation of the situation with q z = 0 is that for sufficiently

arge k x , a pair of decaying inertial waves exists, whereas the cooling
ode disappears. That is, the cooling mode attains σ R = σ I = 0

t large k x . This is more clearly seen in the case with β = 10 3 (the
ast column). We speculate that the cooling mode disappears once its
ecay rate coincides with the decay rate of one of the inertial waves.
n the presence of vertical shear q z = 0.05, we speculate that the

art/stad1349_fb1.eps


Instabilities in protoplanetary discs 5925 

c
β  

d
b  

t
c
s

m  

t  

f  

n  

o
o  

p
(

A
B

I  

i  

O  

f  

a
r
f
v

i
w
t  

t  

H  

a
 

d
p  

t  

[  

w  

i  

d  

w

w  

w  

v  

t  

t
t

σ

σ

σ

σ

T

δ

F

δ

w

σ̂

w  

e  

r

w

σ

t
 

e

σ

w  

i

σ

σ

σ

σ

 

o  

t  

o

σ

w  

w  

d
(  

t

σ

W  

l  

σ  

l
t  

d  

(

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/522/4/5892/7157128 by Academ
ia Sinica user on 23 M

ay 2023
ooling mode becomes the (non-oscillatory) growing VSI mode for 
� 0.940. It is also noteworthy that for β = 10 3 the frequencies and

ecay rates of the inertial wave pair are again correctly described 
y the analytical expressions ( B3 ) and ( B4 ). Thus, deviations from
hese expressions occur at intermediate cooling times β ∼ 1. The 
omplex behaviour around β = 1 is not captured by the quadratic 
olutions ( B1 ) either, which we find to be accurate for β � 0.6. 

Nevertheless, while a thorough analysis of these modes, which 
ight or might not confirm our speculation is beyond the scope of

his paper, we notice that for β � 1 modes with positive and ne gativ e
requencies exist for large k x in the presence of vertical shear. This is
ot the case for smaller β (see the left three columns). The presence
f these modes explains the occurrence of a lower resonant ‘branch’ 
f DSI modes in Fig. 16 , which indeed requires the presence of
ure gas waves with negative frequency based on the RDI concept 
Section 3.2 ). 

PPEN D IX  C :  DA MPIN G  O F  INERTIAL  WAV ES  

Y  D U S T – G A S  D R AG  

n Section 4.2.2 we described the effect of dust on linear COS modes
n the disc mid-plane and argued that two effects can be distinguished.
ne effect is that dust leads to an ef fecti v ely reduced buoyanc y

requency, resulting in an overall reduction of the growth rates. In
ddition, COS growth rates experience a cut-off beyond a critical 
adial wavenumber. Furthermore, in Section 5.4 we found that away 
rom the disc mid-plane an additional cut-off occurs beyond a critical 
 ertical wav enumber. 
Here, we derive analytical expressions for the damping rates of 

nertial waves in a dusty gas, explaining the radial and vertical 
avenumber cut-offs. Since the damping mechanism leading to 

hese cut-offs does not rely on buoyancy or cooling, we can neglect
hese aspects here, i.e. we set N 

2 
r/z → 0 and H r / z → ∞ , such that

 r/z N 

2 
r/z → 0, and discard the energy equation, which simplifies the

nalysis. 
To proceed, we consider a region at distance z 0 ≥ 0 away from the

isc mid-plane. Numerical experimentation with the full eigenvalue 
roblem ( 49 ) reveals that it is not the vertical dust-drag term [the
erm ∝ w d 0 in equation ( 48 )], but the dust’s vertical advection terms
the terms ∝ w d 0 in equations ( 43 )–( 46 )], which result in the vertical
avenumber cut-off. Therefore, the vertical drag-force term in ( 48 )

s ignored. It should be noted that the advection of dust in the vertical
irection (with velocity w d 0 ) describes a drift between dust and gas,
hich is mediated via drag forces, i.e. terms ∝ δ� v d − δ� v g . 
Furthermore, we omit the radial pressure gradient ( η = 0), which 

ould otherwise result in a radial drift between dust and gas, and
hich would also trigger the SI. This approximation is valid in the
icinity of a pressure bump or generally for ε0 � 1. This also implies
hat at sufficiently large heights z 0 , where we indeed expect ε0 � 1,
he effect of the pressure gradient becomes negligible compared to 
he effect of vertical dust advection (Squire & Hopkins 2018 ) 

We thus consider the equations 

δu g = 2 δv g + 

ε0 

τ

(
δu d − δu g 

)− ik x δP , (C1) 

δv g = −1 

2 
δu g + 

ε0 

τ

(
δv d − δv g 

)
, (C2) 

δu d = 2 δv d + 

1 

τ

(
δu g − δu d 

)− ik z w d0 δu d , (C3) 

δv d = −1 

2 
δu d + 

1 

τ

(
δv g − δv d 

)− ik z w d0 δv d . (C4) 
he pressure perturbation is now given by 

P = 

i 

k 2 

[ 
−2 k x δv g − ε0 

τ
( k x δu d + k z δw d ) 

] 
. (C5) 

rom the vertical dust momentum equation ( 46 ) we obtain 

w d = −k x 

k z 

δu g ̂ σd,z 

, (C6) 

here we define 

 d,z = στ + ia d,z τ + 1 (C7) 

ith a d , z given by ( 118 ), describing vertical dust advection. From
quations ( C1 ) to ( C6 ) we then derive the fifth-order dispersion
elation 

0 = 

(
σε̂ σd,z − ε0 μ

2 
x 

) [(̂ σ 2 
d,z + τ 2 

)
σε − ε0 ̂  σd,z 

]
−μ2 

z 

[−τ 2 
(̂ σ 3 

d,z + 

(
2 ε0 + τ 2 

) ̂ σd,z 

)+ ε0 ̂  σ 2 
d,z σε − ε2 

0 ̂  σd,z 

]
, (C8) 

here we additionally defined 

ε = στ + ε0 (C9) 

o shorten the notation. 
Similar to Section 4.2.1 , we apply a series solution for the

igenvalue 

= σ0 + σ1 τ + σ2 τ
2 + σ3 τ

3 + . . . 

hich we insert into ( C8 ), and the latter is then solved order by order
n τ , yielding the solutions 

0 = ±iμz , (C10) 

1 = − ε0 

(
μ2 

x − 2 ik z z 0 
)

2 ( 1 + ε0 ) 
, (C11) 

2 = ∓i 
ε0 

(
4 + ε0 

(
4 − 5 μ2 

x 

)− 4 μ2 
x 

)
μ2 

x 

8 ( 1 + ε0 ) 
2 μz 

, (C12) 

3 = 

ε0 

2 ( 1 + ε0 ) 
3 

[−ε0 ( 3 + 2 ε0 ) μ
4 
x − 2 k 2 z z 

2 
0 

+ μ2 
x 

(
1 + ε2 

0 − 3 ik z z 0 + ε0 ( 2 − ik z z 0 ) 
)]

. (C13) 

For perfectly coupled dust ( τ ≡ 0), we recover inertial waves with
scillation frequencies ±μz . The terms σ 1 , σ 2 , σ 3 , etc. then represent
he effect of finite dust–gas drag on inertial waves. From these we
btain the damping rate 

R ≈ − ε0 μ
2 
x τ

2 ( 1 + ε0 ) 
− ε0 k 

2 
z z 

2 
0 τ

3 

( 1 + ε0 ) 
3 , (C14) 

here we neglected relative corrections of O 

(
τ 2 
)

to the first term
hich are independent of z 0 . In the limit z 0 → 0, we reco v er the
usty damping term appearing in the approximate COS growth rates 
 85 ) and ( 89 ), resulting in the radial cut-off ( 87 ). On the other hand,
he damping term ∝ z 0 results in the vertical cut-off ( 146 ). 

Furthermore, the wave frequency is given by 

I = ±μz ∓
ε0 τ

2 
[
4 + ε0 

(
4 − 5 μ2 

x 

)− 4 μ2 
x 

]
μ2 

x 

8 ( 1 + ε0 ) 
2 μz 

. (C15) 

e note that ( C10 )–( C15 ) are not valid in the limit k z → 0. In this
imit the entire last bracket in ( C8 ) vanishes and we find that σ 0 and

2 , and hence σ I vanish, since inertial wav es cannot e xist in this
imit. Nevertheless, for small k z the frequency σ I can in principle 
ake large v alues. Ho we v er, we e xpect the fluid approximation for
ust adopted throughout this paper to break down once | σ I τ | � 1
Jacquet et al. 2011 ). 
MNRAS 522, 5892–5930 (2023) 
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Figure D1. Contours of maximum linear growth rates of a pure gas 
(across the same wavenumbers as in Fig. 5 ) obtained from ( 70 ) with 
N 

2 
r = −0 . 01 and an effective , complex-valued cooling time ( D1 ). As ex- 

plained in the text, the COS is increasingly enhanced for a cooling time 
A β ≡

√ 

Re ( β) 2 + Im ( β) 2 = 1 and an increasing phase delay 0 < ϕ β ≡
arctan Im ( β) / Re ( β) < π/ 2 between the cooling term ( D2 ) and the gas 
entropy perturbation δρg (or decreasing to −π /2 for the corresponding other 
inertial wave), occurring in the one-fluid energy equation ( A12 ). The over- 
plotted curves show the evolution of the effective cooling time ( 95 ) of a dusty 
gas for increasing 0 < k x H 0 < 10 5 (indicated by the arrows) for three different 
values β = 1, 4, 20 and τ = 10 −2 , ε0 = 0.03. These curves illustrate how 

with increasing β the maximum growth rates of the DCOS increase, and at 
the same time the domain of largest growing modes in k x -space shrinks. 
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Figure D2. Values of the action integral ( D8 ) for different values of the 
phase shift ϕ β and for varying amplitude A β , appearing in ( D6 ) and ( D7 ). 
The plot shows how with ϕ → π /2 the maximum value of the action integral 
(and hence the COS growth rate) increases, and at the same time the curve 
sharpens. Note that for ϕ � 5/11 π the integral rapidly increases. On the other 
hand, phase shifts ϕ > π /2 result in ne gativ e values, signifying a decay of 
COS modes, as illustrated by the curve with ϕ = 3 π /4. The classic COS 
with vanishing phase shift ϕ = 0 is represented by the black curve. The plots 
assume a dimensionless wave frequency ω = 1. 
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PPENDIX  D :  SIMPLIFIED  M O D E L  F O R  T H E  

O S  A N D  T H E  D C O S  

n Section 4.2.2 , we disco v ered an instability of a dusty gas
ossessing long cooling times β � 1, requiring both an unstable
ntropy gradient N 

2 
r < 0 and a background radial pressure gradient

�= 0. We hypothesized that this instability is a dust-induced version
f the COS, i.e. the DCOS. 
In this appendix we show using a simple ‘toy’ model-which

aptures the physics essential to the classic COS in a pure gas-that the
atter is actually amplified if one allows for a phase lag between the
ooling term and the density (or entropy) perturbation δρg . Indeed,
quation ( 95 ), which is the effective cooling time of a dusty gas within
he parameter regime considered in Section 4.2.2 , implies 

eff = A β exp 
[
iϕ β

]
, (D1) 

uch that the ef fecti ve cooling term becomes 

 c,eff = − 1 

A β

exp 
[−iϕ β

]
δρg , (D2) 

ith a cooling time A β and a phase lag ϕ β of the cooling term with
espect to the density perturbation δρg . 

In Fig. D1 we present maximum growth rates of inertial waves in
 pure gas obeying equation ( 70 ) in absence of vertical buoyancy,
nd with β replaced by equation ( D1 ). We consider a range of
ooling times 0 < A β < 10, and phase lags −π /2 < ϕ β < π /2. In
his figure the real positive axis corresponds to the classical (pure
as) COS without a phase lag and where the growth rates are largest
f β = 1, as expected. Ho we ver, we find that the growth rates are
nhanced compared to the classical values with A β = β = 1 in
ase of a phase shift 0 ≤ ϕ β < π /2. This applies to one of the two
NRAS 522, 5892–5930 (2023) 
OS modes, while the other mode is being damped. For a negative
hase lag, the situation is re versed. The gro wth rate of the amplified
ode maximizes for ϕ β → π /2. This is in agreement with simplified
odel calculations presented below. We note that the COS is entirely

xtinguished for 3 π /2 ≤ ϕ β ≤ π /2 where the real part Re[ βeff ] ≤ 0.
n this parameter region the cooling mode would give rise to thermal
nstability (cf. Section 4.2.1 ). 

The trajectories in Fig. D1 show the evolution of βeff corresponding
o ( 95 ) with increasing radial wavenumber k x for three different
alues β = 1, 4, 20. Hence, the curves trace the corresponding
aximum (across all wavenumbers) COS growth rates with β given
y ( D1 ). This figure explains qualitatively the behaviour of the DCOS
isplayed in Fig. 5 for increasing k x through an increasing phase lag
etween gas cooling and entropy perturbation. Particularly, the larger
, the closer the achieved phase lag is to π /2, which gives rise to
 larger growth rate. The phase lag also increases with increasing
article Stokes number, and maximizes for a dust-to-gas density
atio ε0 = 1. 

In order to show that a phase lag between the gas density
erturbation and the cooling term does indeed amplify the COS
e consider here a simplified linearized entropy equation for a pure
as 

∂ 

∂ t 
δρg = − 1 

βeff 
δρg − δu g , (D3) 

here we assumed a ne gativ e entropy gradient ( H r < 0) and absorbed
ts magnitude into δρg for notational brevity. Furthermore, we assume
 plane wave solution 

u g = exp [ iωt ] , (D4) 

ith frequency ω. For the density perturbation we use the ansatz 

ρg = A exp [ i ( ωt + ϕ ) ] . (D5) 

art/stad1349_fd1.eps
art/stad1349_fd2.eps
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nserting the abo v e e xpressions into ( D3 ) and solving for real and
maginary parts separately results in 

 = 

[ (
ω − sin ϕ β

A β

)2 

+ 

(
cos ϕ β

A β

)2 
] −1 / 2 

, (D6) 

 = arccos 

[
− A 

A β

cos ϕ β

]
. (D7) 

Now let us recall that the COS relies on the circumstance that a gas
arcel that mo v es radially outward from its original radius will get in
ontact with colder material such that it will deposit some of its excess
ntropy during the first half of the epicycle. When it has returned to
ts original radius it is colder (and hence denser) than its surroundings
nd will therefore experience an inward buoyancy force. One can now 

rgue that the instability should generally be promoted whenever a 
as parcel is denser than its surroundings during its inward motion 
nd when it is less dense than its surroundings during its outward
otion. That is, Re ( δρg ) and Re ( δu g ) should be anti-correlated (cf.
ection 3.1.1 ). 
We therefore propose that the optimal cooling time for the COS is

he same cooling time for which the action integral 

 ≡ −
2 π/ω ∫ 
0 

d t Re 
[
δρg 

]
Re 

[
δu g 

]
(D8) 

ill be maximal. 
Fig. D2 shows the value of W for a number of complex cooling

imes and dimensionless frequency ω = 1. The interpretation is the 
ame as described abo v e. Namely, the amplitude is the actual cooling
ime and the complex phase corresponds to the phase lag between 
he gas density perturbation and the cooling term in equation ( D3 ).
hus, for increasing ϕ cooling will be increasingly delayed. Note that 

or simplicity here we describe only the behaviour of one of the two
nertial waves present in the gas, determined by our ansatz ( D4 ) with
 > 0. Therefore, only positive phase lags lead to an amplified growth

ate, in contrast to Fig. D1 , which encompasses both inertial wave
odes. Nevertheless, Fig. D2 illustrates, similarly to Figs 5 and D1 ,

hat a phase lag of ϕ β ∼ π /2 is optimal for the COS, together with a
ooling time A β = 1. Moreo v er, the ‘symmetry’ of COS growth rates
round the optimal value A β = 1 [which is clearly seen in Fig. 11
right most panels)] is also explained using this simple model, as well
s the occurrence of a peak for ϕ β → π /2. The latter corresponds
o the narrowness of the unstable ‘branch’ in Fig. 5 . Moreo v er, the
odel also predicts that for ϕ ≥ π /2 the COS is extinguished, in

greement with ( 76 ). Note that the optimal cooling time for the COS
s actually A β = 1/ ω, such that slower oscillations require slower
ooling and vice versa. This is the reason why the optimal k x for
he DCOS (Fig. 5 ) becomes smaller for decreasing k z , as the inertial
av e frequenc y drops to v alues <1. Note also that all gro wth rates
rawn in Fig. D1 correspond to a wave frequency ω = 1 by selection
f modes with appropriate wavenumbers k z � k x . 

PPEN D IX  E:  SIMPLIFIED  M O D E L  F O R  T H E  

SI  IN  PRESEN CE  O F  V E RT I C A L  BU OYA N C Y  

n this appendix we use equations ( 111 )–( 117 ) to derive an analytical
xpression for the growth rate of the DSI including the effect of
 ertical buoyanc y. As e xplained in Section 5.2.1 we set η = 0, and
gnore drag force terms ∝ δ� v d − δ� v g . Furthermore, radial buoyancy 
s omitted. We then rewrite the aforementioned equations as: 

δu g = 2 μ2 
z δv g + μx μz 

(
H z N 

2 
z δρg − w d0 

τ
δρd 

)
, (E1) 
δv g = −1 

2 
δu g , (E2) 

βδρg = −k x 

k z 

1 

H z 

δu g , (E3) 

 d,z δu d = δu g + 2 τδv d , (E4) 

 d,z δv d = δv g − 1 

2 
τδu d , (E5) 

 d,z δw d = −k x 

k z 
δu g , (E6) (

σ + ia d,z 

)
δρd = −iε0 ( k x δu d + k z δw d ) , (E7) 

here we used ( C7 ) and ( 118 ) and defined 

β = σ + 

1 

β
. 

From these equations we directly derive the dispersion relation (
σ + ia d,z 

) [
σ 2 + μ2 

z + μ2 
x N 

2 
z 

σ

σβ

] [̂ σ 3 
d,z + τ 2 ̂ σd,z 

]
+ μ2 

x iε0 k z w d0 

[̂ σd,z + στ
] = 0 . 

(E8) 

his equation is too complex to proceed analytically. We therefore 
ssume that the gas is adiabatic ( β → ∞ ) such that σβ → σ , and
hat | a d , z τ | � 1 and | στ | � 1, on account of tight coupling between
ust and gas. This implies ̂  σd,z → 1 and allows us to write 

3 + ia d,z σ
2 + 

(
μ2 

z + μ2 
x N 

2 
z 

)
σ + ia d,z 

[
μ2 

x 

(
N 

2 
z + ε0 

)+ μ2 
z 

] = 0 , 

(E9

hich is a cubic equation in σ , such that analytical solutions can be
ound (for instance by using computer algebra). 

The pair of modified inertial waves representing the DSI following 
rom ( E9 ) is described by the eigenvalues 

DSI = 

1 

12 

[
− 4 ia d,z + 

2 
4 
3 

(
1 ± i 

√ 

3 
)

C 

X 

1 
3 

+ 2 
2 
3 

(
−1 ± i 

√ 

3 
)

X 

1 
3 

]
,

(E10

here 

 = −iA + 

√ 

B (E11) 

ith 

 = a d,z 

[
27 ε0 μ

2 
x + 18 

(
μ2 

z + μ2 
x N 

2 
z 

)− 2 a 2 d,z 

]
, (E12) 

 = 4 C 

3 − A 

2 , (E13) 

 = 3 
(
μ2 

z + μ2 
x N 

2 
z 

)+ a 2 d,z . (E14) 

t can be easily verified that equation ( E10 ) reduces to σ = ±i μz (as
xpected) in the limit N 

2 
z → 0 and a d , z → 0. 

We now proceed to compute the growth rate σ R , DSI ≡ Re[ σ DSI ]. 
y applying basic algebra on ( E10 ) we find 

σR, DSI = 

2 
2 
3 

(
cos φ + 

√ 

3 sin φ
)

12 
χ

1 
3 

⎡ ⎣ 1 − C (
χ

2 

) 2 
3 

⎤ ⎦ , (E15) 

here we find that formally two cases need to be distinguished: 

{ χ, φ} = 

{
A + 

√ 

| B| , 7 π

6 

}
if B ≤ 0 , (E16) 

{ χ, φ} = 

{√ 

A 

2 + B , 
1 

3 

(
arctan 

−A √ 

B 

+ 4 π

)}
if B ≥ 0 . (E17) 
MNRAS 522, 5892–5930 (2023) 
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o we ver, for B ≥ 0, we have χ = 

√ 

4 C 

3 which readily yields
R , DSI = 0 from ( E15 ), as the expression inside the bracket vanishes.
his implies that growth can only occur for B < 0. 
From now on we will restrict our attention to wavenumbers k x �

 z such that μz → 0 and μx → 1, which simplifies the calculation.
pecifically, we wish to verify analytically that the region in k z -
pace within which the DSI exists becomes increasingly small and is
oncentrated around k z, res [equation ( 128 )], as indicated by Fig. 15 . 

To proceed, we will first find the vertical wavenumbers k z for
hich B = 0, as these delimit the region of positive growth rates.
y setting B = 0 one can derive from equations ( E12 ) and ( E13 ) the
uadratic equation 

 

2 108 
[
N 

2 
z + ε0 

]+ y 
[ 
108 N 

4 
z −

(
27 ε0 + 18 N 

2 
z 

)2 
] 

+ 108 N 

6 
z = 0 , 

here we defined y ≡ a 2 d,z , with a 2 d,z given by ( 118 ). The solution of
his equation is represented by the pair 

 

±
d,z = 

⎡ ⎣ 

27 ε2 
0 + 36 ε0 N 

2 
z + 8 N 

4 
z ±

√ 

ε0 

(
9 ε0 + 8 N 

2 
z 

)3 

8 
(
ε0 + N 

2 
z 

)
⎤ ⎦ 

1 
2 

. (E18) 

n the limit N 

2 
z � ε0 we find a ±d,z → N z such that indeed k z →

 z /( τz 0 ) = k z, res . This means that with increasing vertical buoyancy
 

2 
z the region of growing modes in k z -space shrinks toward the

esonant wavenumber ( 128 ). 
Finally, we want to show that the maximal value of the growth rate

s independent of the value of N z . In the aforementioned limits we
ave a d , z ≈ N z and expressions ( E12 ) and ( E13 ) read 

 = 27 ε0 N z + 16 N 

3 
z , (E19) 

nd 

 = 256 N 

6 
z 

[ 
1 −

(
1 + 

27 ε0 

16 N 

2 
z 

)2 
] 

≈ −864 ε0 N 

4 
z , (E20) 

ince N 

2 
z � ε0 , such that B < 0 as expected. Hence we have 

= A + 

√ 

| B| 
= N z 

(
16 N 

2 
z + 27 ε0 

)+ 12 
√ 

6 ε0 N 

2 
z 

≈ 16 N 

3 
z + 12 

√ 

6 ε0 N 

2 
z , (E21) 

ince N z � √ 

ε0 , and thus 

± 1 
3 = 16 ±

1 
3 N 

±1 
z 

[
1 + 

3 
√ 

6 ε0 

4 N z 

]± 1 
3 

≈ 16 ±
1 
3 N 

±1 
z 

[
1 ±

√ 

6 ε0 

4 N z 

]
. 

(E22) 

sing ( E16 ) we find from ( E15 ) 

R, DSI = 

1 

2 
√ 

3 

[ 
2 

7 
3 N 

2 
z χ

− 1 
3 − 2 −

1 
3 χ

1 
3 

] 
, 

hich, using ( E22 ), readily yields the growth rate ( 129 ). 

PPENDIX  F:  EFFECT  O F  R A D I A L  D U S T – G A S  

RIFT  O N  T H E  VSI  

s outlined in Section 5.3 , an equilibrium radial dust–gas drift has a
amping effect on the VSI. In order to show this, we use equations
 130 )–( 133 ) to derive an approximate dispersion relation for VSI
odes in the presence of a background dust–gas drift. Here we

onsider the isothermal limit without buoyancy and delete the gas
ntropy equation. Furthermore, as explained in Section 5.3.1 , we
NRAS 522, 5892–5930 (2023) 
eglect terms involving dust density perturbations, δρd . First, we
ewrite the aforementioned equations, such that 

̂ g,x δu g = 2 τμ2 
z δv g + ε0 

(
μ2 

z δu d + μ2 
x 

δu g ̂ σd,x 

)
, (F1) 

̂ g,x δv g = ε0 δv d + ̃

 q z τδu g , (F2) 

̂ d,x δu d = δu g + 2 τδv d , (F3) 

̂ d,x δv d = δv g − 1 

2 
τδu d − q z τ

k x 

k z 

δu g ̂ σd,x 

, (F4) 

here we used ( 46 ) to replace the vertical dust velocity in ( F1 ) and
 F4 ), and where we defined 

̂ d,x ≡ στ + ia d,x τ + 1 , (F5) 

̂ g,x ≡ στ + ia g,x τ + ε0 , (F6) 

ith a d , x given by ( 135 ), describing radial dust advection, and
imilarly 

 g,x = k x u g0 , (F7) 

escribing radial advection of the gas. In what follows, we formally
ssume that the quantity 

 

 d,x ≡ a d,x τ ∼ 1 , (F8) 

f fording suf ficiently large v alues of k x . On the other hand, since we
ssume ε0 � 1 we neglect | a g , x | ∼ ε0 | a d , x | � | a d , x | . Note that any
ommon background drift of dust and gas can be absorbed into σ ,
nd only leads to a frequency shift of the modes. It is only the relative
rift a d , x − a g , x which can result in a possible damping of the VSI. 
From equations ( F1 ) to ( F4 ) we find the dispersion relation 

0 = 

(̂ σg,x ̂  σd,x − ε0 μ
2 
x 

) (
ε0 ̂  σd,x − ̂ σg,x 

[̂ σ 2 
d,x + τ 2 

])
+ 2 μ2 

z τ
2 ˜ q z ̂  σd,x 

(̂ σ 2 
d,x + τ 2 + ε0 

)
−μ2 

z ε0 

(
ε0 ̂  σd,x − ̂ σg,x 

[̂ σ 2 
d,x + τ 2 

]− 2 ̃  q z τ
2 
[̂ σd,x + ̂  σg,x 

])
, (F9) 

hich is of fifth-order and is formally written as 

 0 + c 1 σ + . . . + c 5 σ
5 = 0 . 

n order to make analytical progress we first expand the coefficients
 0 . . . c 5 to second order in τ . We find 

 0 = ε2 
0 ̃  a 2 d,x − 2 ̃  A 

2 
d,x μ

2 
z ̃  q z τ

2 , (F10) 

 1 = 2 ̃  A d,x ̃  a d,x ε0 τ, (F11) 

 2 = 

˜ A 

2 
d,x τ

2 , (F12) 

here we also used ε0 � 1 to further simplify the coefficients, and
here we temporarily define ˜ 
 d,x = −i + ̃

 a d,x , (F13) 

o shorten the notation. The remaining coefficients c 3 , c 4 , and c 5 
anish, since these are of orders τ 3 , τ 4 , and τ 5 , respectively. The
orresponding quadratic dispersion relation can directly be solved.
ts solutions are [replacing ˜ A d,x using ( F13 )] 

= ±μz 

√ 

2 ̃  q z − ε0 ̃  a d,x (−i + ̃

 a d,x 

)
τ

. (F14) 

he first term is the isothermal pure gas VSI growth rate, whereas the
econd term describes the effect of dust. Splitting the second term
nto real and imaginary parts readily yields ( 134 ). 
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PPEN D IX  G :  EFFECT  O F  V E RT I C A L  DUST  

ETTLING  O N  T H E  VSI  -  T H E  DSSI  

1 Growth rate of the DSSI for general wavenumbers 

ere we use equations ( 137 )–( 141 ) to derive an analytical expression
or the growth rate of the VSI in the presence of dust settling. As
utlined in Section 5.3.2 , here we ignore radial drift between dust
nd gas and consider the isothermal limit without buoyancy effects. 
irst, we rewrite the abo v e equations into 

δu g = 2 μ2 
z δv g − μx μz 

w d0 

τ
δρd , (G1) 

δv g = 

˜ q z δu g , (G2) 

 d,z δu d = δu g + 2 τδv d , (G3) 

 d,z δv d = δv g − τ

2 
δu d + q z τ

k x 

k z 

δu g ̂ σd,z 

, (G4) 

(
σ + ia d,z 

)
δρd = −iε0 k x 

(
δu d − δu g ̂ σd,z 

)
, (G5) 

here we again used ( 46 ) to eliminate δw d from the equations, as
ell as ( C7 ). From the abo v e equations, we obtain the dispersion

elation (
σ + ia d,z 

) (
σ 2 − 2 μ2 

z ̃  q z 
) (̂ σ 3 

d,z + τ 2 ̂ σd,z 

)
−2 μ2 

x a d,z iε0 ̃  q z 
(̂ σd,z + στ

) = 0 . (G6) 

n the limit of vanishing vertical shear ( q z → 0), equation ( G6 ) is
dentical to ( E8 ) in the limit of vanishing v ertical buoyanc y N 

2 
z → 0.

f we assume | στ | � 1 and | a d , z τ | � 1, then we obtain the cubic
ispersion relation ( 142 ). 
An analytical expression for the growth rate of the fastest-growing 
ode resulting from ( 142 ) is given by 

R, DSSI = 

2 
2 
3 cos θ

6 
χ

1 
3 

⎡ ⎣ 1 − C (
χ

2 

) 2 
3 

⎤ ⎦ . (G7) 

n this expression: 

= 

∣∣∣A + 

√ 

| B| 
∣∣∣ , (G8) 

ith 

 = −a d,z 

(
54 ε0 μ

2 
x ̃  q z + 36 μ2 

z ̃  q z + 2 a 2 d,z 

)
, (G9) 

 = 4 C 

3 − A 

2 , (G10) 

 = a 2 d,z − 6 μ2 
z ̃  q z . (G11) 

or growing solutions, which require B < 0 (see below), the angle θ
n equation ( G7 ) is given by 

= −π

6 
if A + 

√ 

| B| > 0 , (G12) 

= 

5 π

6 
if A + 

√ 

| B| < 0 . (G13) 

If a d , z → 0 (no dust settling), we have A = 0, B = 4 C 

3 and hence
= 2 

√ 

| C 

3 | . Using θ = −π /6 we reco v er 

R, DSSI → μz 

√ 

2 ̃  q z , (G14) 

hich is the isothermal pure gas VSI growth rate [cf. equation ( 107 )].
Similar to the case of the DSI described in Appendix E , one finds

hat σ R , DSSI = 0 if B > 0, which for brevity will not be discussed
ere. The condition B = 0 distinguishes between stable and unstable 
ystems, but the explicit expression is rather involved. Ho we ver, from
 G9 )–( G11 ) it can directly be shown that the term (4 C 

3 − − − A 

2 ) ∝
 

 z and therefore ˜ q z = 0 is one solution, equi v alent to the threshold
or the pure gas VSI (cf. Fig. 19 ). 

2 Growth rate of the DSSI in the limit of small vertical 
avenumbers 

ur numerical results in Section 5.3.3 show that in the presence of
oth vertical shear and dust settling, instability persists for small k z .
ere, we formally consider the limit k z → 0, for which we can obtain

imple analytical expressions for the growth rate and the frequency 
f the DSSI, unlike for the case of general wavenumbers, considered
n Appendix G1 . Note that for k z = 0, the VSI, DSI, and the SI all
anish. 

Compared to ( G1 )–( G5 ) we start here from a slightly more general
et of equations, where all drag force terms are retained, and where
e do not a priori neglect radial and azimuthal drift between dust

nd gas. We do, ho we ver, as in Appendix G1 , set η = 0 so that there
s no contribution to dust–gas drift from the global radial pressure
radient. Due to incompressibility ( 47 ), we now have δu g = 0. As
efore, we assume that the gas is isothermal ( β → 0). 
Thus, we now consider the set of linearized equations 

 στ + ia d,x τ ) δρd = −iε0 k x τδu d , (G15) 

 d,x δu d = 2 τδv d , (G16) 

 d,x δv d = δv g − 1 

2 
τδu d − q z τδw d , (G17) 

 d,x δw d = δw g , (G18) 

 g,x δv g = −q z τδw g + ε0 δv d + δρd �v 0 , (G19) 

 g,x δw g = ε0 δw d + w d δρd , (G20) 

here ̂ σd,x and ̂ σg,x are given by ( F5 ) and ( F6 ), respectively. From
 G18 ) and ( G20 ) we find 

w g = 

w d0 (
στ + ia d,x τ

) (
1 + ̂  ε0 

)δρd , (G21) 

here we defined 

 0 = 

ε0 ̂ σd,x 

(G22) 

nd where we assumed a d , x = a g , x , such that radial drift between
ust and gas is ignored. This is justified since we assume η = 0. We
re now left with equations ( G15 ) and ( G16 ), as well as 

 d,x δv d = δv g − τ

2 
δu d − q z τw d0 (

στ + ia d,x τ
) (

1 + ̂  ε0 

) ̂ σd,x 

δρd , (G23) 

 g,x δv g = ε0 δv d + �v 0 δρd − q z τw d0 

( στ + ia d,x τ )(1 + ̂  ε0 ) 
δρd . (G24) 

We now assume | στ | � 1 and | a d , x τ | � 1. From ( G16 ) we then
btain 

u d = 2 τδv d . (G25) 

ext we combine ( G23 ) and ( G24 ) to get (
στ + ia d,x τ

) (
ε0 δv d + δv g 

) = −ε0 τ
2 δv d 

+ 

(
�v 0 − q z τw d0 

στ + ia d,x τ

)
δρd , (G26) 

here we also used ( G25 ). Finally, we assume that the perturbed
zimuthal motions are tightly coupled (i.e. δv d ≈ δv g ) and use ( G25 )
MNRAS 522, 5892–5930 (2023) 
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)3 

( ε0 + 1 ) = − [
�v 0 

(̂ σd,x − 1 
)− q z w d0 τ

]
2 ik x ε0 τ

2 , 

(G27) 

here we used ( F5 ) to shorten the notation. This equation possesses
hree roots. The (exact) eigenvalue of the fastest-growing mode reads 

= −i k x u d0 − 2 i ε0 k x �v 0 
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here 

 = −9 i ( 1 + ε0 ) 
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−27(1 + ε0 ) − i 
8 ε0 k x �v 3 0 

( q z w d0 ) 
2 

≈ −18 i ( 1 + ε0 ) 
2 . (G29) 

n the last step, we neglected the second term in the square root as it
s much smaller than the first term for all wavenumbers k x considered
ere. Physically this implies that the effect of azimuthal dust–gas drift
expressed through �v 0 ) is much smaller than the effect of vertical
ust settling (expressed through w d 0 ) in the current situation. We
lso assumed that q z w d 0 < 0 (positive (negative) vertical shear below
abo v e) the mid-plane). Using ( G29 ), the growth rate and frequency
f the growing mode can be obtained from ( G28 ). Care is required
hen selecting the correct solution of the cube root. We find 
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here we neglected the first term ∝ τ in the bracket. Similarly, 

σI ≈ −2 k x q z w d0 
ε0 

1 + ε0 
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(
k x q z w d0 

4 

ε0 

1 + ε0 

) 1 
3 

, (G31) 
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here we used 

v 0 ≈ τq z w d0 

1 + ε0 
(G32) 

hich follows from ( 24 ) and ( 21 ) with η = 0 and τ � 1. 
It is worth noting that if we neglect the azimuthal drift �v 0 in the

ispersion relation ( G27 ) we directly arrive at ( G30 ). On the other
and, if we neglect only the dust-settling term ∝ w d 0 in ( G27 ), we
nd the growing mode 

= −ik x w d0 + ( 1 − i ) 

√ 

ε0 k x �v 0 

1 + ε0 
, (G33) 

hich corresponds exactly to equation (C8) in Lin & Hsu ( 2022 ).
hese authors found that an external torque acting on the gas alone

esults in an azimuthal drift between dust and gas, which in turn
erves as an energy source for another dust–gas drag instability.
ndeed, the equilibrium relative azimuthal and radial velocities
etween dust and gas in the current situation are given by ( G32 )
nd 

u 0 ≈ 2 τ 2 q z w d0 

( 1 + ε0 ) 
2 , (G34) 

hich directly follows from ( 20 ) and ( 23 ). From these we infer that
n the absence of a radial pressure gradient ( η = 0, for example in
he vicinity of a pressure bump) and the presence of vertical shear,
as and dust experience a relative azimuthal drift that is larger by
 factor ∼1/ τ than the relative radial drift. Under these conditions
ne may expect the manifestation of an azimuthal drift-induced SI, as
eported by Lin & Hsu ( 2022 ). The difference is that here �v 0 ∝ q z z 0 
s due to vertical shear in combination with dust settling, rather than
n external torque acting on the gas. That being said, in absence of
ust-settling ( G33 ) would vanish as well. Ho we ver, in the present
ituation (away from the disc mid-plane) we find that the settling
f dust results in a much more vigorous instability (the DSSI) than
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